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ABSTRACT: We compute the one-loop QCD amplitudes for the processes HggQQ and
Hdgqgg, the latter restricted to the case of opposite-helicity gluons. Analytic expressions
are presented for the color- and helicity-decomposed amplitudes. The coupling of the Higgs
boson to gluons is treated by an effective interaction in the limit of large top quark mass.
The Higgs field is split into a complex field ¢ and its complex conjugate ¢f. The split is
useful because amplitudes involving ¢ have different analytic structure from those involving
#'. We compute the cut-containing pieces of the amplitudes using generalized unitarity.
The remaining rational parts are obtained by on-shell recursion. Our results for HgqQQ
agree with previous semi-numerical computations. We also show how to convert existing
semi-numerical results for the production of a scalar Higgs boson into analogous results for
a pseudoscalar Higgs boson.
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1 Introduction

The Large Hadron Collider (LHC) at CERN is now beginning operation, and will be the
major source of data from the energy frontier for many years to come. The main goal of
the LHC experimental program is to discover physics beyond the Standard Model (SM),
as well as the mechanism of electroweak symmetry breaking. In the SM, this breaking is
due to a single scalar field, the Higgs field [1-3]. Similar fields exist in most extensions of
the SM, such as the Minimal Supersymmetric Standard Model (MSSM).

The discovery and the measurement of the Higgs sector will be a central piece of the
experimental effort at the LHC. The production of the Higgs boson is dominated by gluon
fusion through a top quark loop, for the whole relevant Higgs mass range [4]. The next-
to-leading-order (NLO) corrections to the gluon-fusion production cross section are very
large, of the order of 100% [5-8]. The second most important contribution to the Higgs
production cross section comes from the vector boson fusion (VBF) process, which proceeds
at tree-level and receives much smaller QCD corrections [9-11].

Both of these channels participate in the phenomenologically interesting signal of pp —
H + 2 jets. The jets coming from the two processes have different angular distributions:
well-separated and forward jets in the VBF case, in contrast to less separated jets and
further central jet activity in the gluon fusion case. Thus, the cross-contamination can be
reduced by imposing appropriate experimental cuts. A good theoretical understanding is
also necessary to reduce the uncertainties coming from the backgrounds and interference
effects, and to allow us to perform precision studies of the Higgs sector.

For the gluon-fusion contribution, in order to make the computation more tractable,
it is possible to make the approximation of a large top quark mass m; [5, 6, 12, 13].
This approximation replaces the full one-loop coupling of the Higgs boson to gluons via
a top quark loop, by an effective local operator C(m;) H G, G*; thus it reduces the
problem by one loop order. Formally, this approximation requires the Higgs mass to obey
mp < 2my =~ 350 GeV. However, for inclusive Higgs production, this approximation works
very well up to quite large Higgs masses, my ~ 2m; or more, if C(m;) is taken to have
the exact m; dependence from one loop [14]. Here we are interested primarily in processes
where the Higgs boson is relatively light, but because of the extra jet activity the partonic
center-of-mass energy and final-state invariant masses may be large. It has been shown
that the large-m; approximation is still valid for such configurations, as long as the jet
transverse energies are smaller than m; [15, 16].

Several groups have computed various relevant quantities for the gluon-fusion contri-
bution to pp — H + 2 jets, at LO, in the large my limit [17-19] and with the exact my
dependence [20]; and at NLO accuracy in the large my limit [21, 22]. The real corrections
to this process, involving tree amplitudes for a Higgs plus five partons, were studied in [23].
The interference between gluon fusion and VBF production has been computed, and found
to be very small [24, 25]. Our results for the HggQQ amplitudes can also be used to
calculate the one-loop interference between the color-singlet pieces of these two processes.
We outline this calculation in section 4.

New methods have been developed for computing one-loop amplitudes for multi-leg



processes. Some are based on Feynman diagrams [26-36] while others exploit generalized
unitarity [37-43] and recursion relations [44]. The methods based on Feynman diagrams
have been employed to compute several quantities involving the Higgs boson to next-to-
leading-order [45-47].

In the large m; approximation, the NLO corrections to the production of a Higgs boson
plus various numbers of jets at a hadron collider require one-loop amplitudes in QCD, with
one insertion of the effective operator H G, G*”. We will refer to these amplitudes as
one-loop Higgs plus multi-parton amplitudes. Because these virtual amplitudes contain
infrared divergences, they are invariably presented using dimensional regularization (we
take D = 4 — 2¢), as a Laurent expansion in e through the finite O(e") terms. The
complete set of such amplitudes for three external partons (ggg or ggg) was provided in
ref. [48]. Results for various numbers of legs and helicity configurations have appeared
more recently [49-52]. In particular, the amplitudes with four gluons, all of the same
helicity [49], and those with two negative and two positive helicities [51, 52] have now been
computed analytically, using techniques very similar to what we will employ here.

The full analytic results for the one-loop Higgs plus four-parton amplitudes, for a
complete set of parton helicities, have not yet appeared. However, the analytic expressions
for the color- and helicity-summed NLO interference of one-loop and tree amplitudes have
been presented for the four-quark case [21], along with numerical results for the two-quark-
two-gluon and four-gluon cases. These results have been incorporated into the NLO gluon
fusion contributions to pp — H + 2 jets mentioned earlier [22]. In this paper we present
analytic results at the amplitude level for the four-quark case, HgqQQ. We also give
the two-quark-two-gluon amplitudes, with the restriction that the two gluons must have
opposite helicity, HgqgT¢T.

In our method, the Higgs field H is rewritten as the sum of a complex field ¢, and
its complex conjugate ¢'. This has the advantage that the analytic structure of the two
components is much simpler than in the total amplitude. Furthermore, we only need to
compute the ¢-amplitudes because parity relates them to the ¢ ones. Our technique
for calculating these amplitudes consists of a unitarity-recursive bootstrap approach: by
performing appropriate unitarity cuts we obtain all cut-containing terms of the amplitudes
(logarithmic, polylogarithmic functions, and associated terms), while the rational terms
are computed using on-shell recursion relations. In this process we only use on-shell lower-
point amplitudes as input in our calculation. This greatly simplifies our task and allows
us to obtain compact analytic answers efficiently.

In slightly more detail, we employ quadruple cuts [53] to determine the coefficients
of scalar box integrals in the amplitudes. The only scalar triangle integrals appearing
in the amplitudes described here have one or two external massive legs, not three; the
coefficients of such integrals are fixed easily using the amplitudes’ known infrared poles.
The coefficients of bubble integrals are computed using the method of spinor integration
via residue extraction [54, 55]. As just mentioned, the rational terms are computed using
on-shell recursion relations. Certain spurious poles arising in this technique are dealt with
using an approach which is a hybrid between the cut-completion method [56-58] and the
method of evaluating the spurious pole residue of the cut part [59] which is implemented
numerically in BLACKHAT [44].



Our analytic expressions can easily be incorporated into one of the NLO computer
programs for computing cross sections. They provide a fast evaluation of the amplitudes
and are more stable compared to (semi)numerical approaches. In the computation of Higgs
amplitudes with yet one more external parton (five in all), they can serve to check limiting
cases, when two partons become collinear, or one gluon becomes soft. In a numerical on-
shell recursive approach such as BLACKHAT [44], they could provide a more important role:
the four-parton amplitudes could be used as a fast analytic input for some of the terms in
the on-shell recursion relations for the five-parton amplitudes.

By performing the appropriate sum over colors and helicities of the interference between
tree and one-loop amplitudes, we are able to confirm (numerically) the expression for the
virtual part of the NLO cross section for HgqQQ presented in ref. [21]. At the same time,
because our results are color decomposed, we can project them into a color-singlet channel
with respect to the gg (and QQ) quantum numbers. The color-singlet channel can interfere
with the electroweak VBF process [60]. We have verified numerically that this interference,
which is one of the two virtual contributions to the full interference, agrees with one [24]
of the two recent computations [24, 25] of this (quite small) effect [61].

The color-singlet parts of the one-loop amplitudes may be of use in determining how
frequently the gluon-fusion process produces events with large “rapidity gaps” that would
survive typical central jet vetoes proposed to select the VBF process. Resummed estimates
of the efficacy of such vetoes have been performed recently in ref. [62] for example; however,
there may also be important contributions at fixed order in as.

The paper is organized as follows: In section 2 we introduce some basic notions that
simplify the task of computing the HGgQQ and Hgqgg amplitudes — the ¢-¢' and color
decomposition of Higgs amplitudes, and the spinor helicity formalism. In section 3 we
outline the basics of the unitarity-recursive method at the core of the calculation. We also
apply the technique to specific examples. In section 4 we present the full analytic answers,
numerical results, and applications of our expressions. We describe checks that we have
used to verify their correctness. In section 5 we present our conclusions and mention

possible future directions.

2 Notation

In this section we introduce the basic notation used in the rest of this paper, as well
as some prerequisite notions. In particular, we decompose the Higgs amplitudes into ¢
and ¢! components with simpler analytic properties, describe the color decomposition of
scattering amplitudes in terms of partial and primitive amplitudes, and recall the spinor-
helicity formalism.

2.1 The ¢-¢' decomposition of Higgs amplitudes

In the amplitudes we study in this paper, all external quarks are taken to be massless, and
the Higgs couples to them through gluons. The coupling of the SM Higgs boson to gluons
is dominated by an intermediate top quark loop, because the top is much heavier than the



other quarks. In the limit of very large top mass, m; — oo, the top quark can be integrated
out, giving rise to the following effective interaction [12, 13],

Lot = %H tr G, G, (2.1)

with the coefficient C given by C = a,/(67v) = ¢g°/(247%v), to leading order in ay. Here v
is the vacuum expectation value of the Higgs field, v = 246 GeV. (The value of C' is known
to O(a?) [63].) Our convention for the normalization of generators is tr 7%T° = §%°, and
G = >, TG, so that tr G, G = G}, G*H.

Tree-level amplitudes (not counting the top quark loop) for a Higgs boson plus multiple
partons were first computed analytically for up to four partons in refs. [17-19], and up to
five partons in ref. [64]. The structure of these amplitudes could be simplified [65] by
splitting the effective interaction Lagrangian into two parts, a holomorphic (self-dual) and
an anti-holomorphic (anti-self-dual) part. In fact, certain “maximally helicity violating
(MHV) rules” that had been developed for QCD tree amplitudes [66] could be applied
straightforwardly to Higgs amplitudes after making this split [65, 67]. Specifically, we
consider the Higgs boson to be the real part of a complex field ¢, with

1
o= §(H +1iA). (2.2)
The interaction Lagrangian can then be rewritten as
ety = ClHuwa, e +idwa,, o 2.3
HA‘;[ tr G, +iAtr G, } (2.3)
= O[04 G GLG + 6" tr Gasp s Gl (2.4)

where the gluon field strength has been divided into a self-dual (SD) and an anti-self-dual
(ASD) component, given by

1 1
Gy = S(GM +7GM), Gl = S(GM = "GM), "GM = 2™ Gy, (2.5)

N | .

From eq. (2.2) and its conjugate we can reconstruct the scalar H and pseudoscalar A
fields according to

H=¢+ol,  A=1(6-0oh. (2.6

It follows from eq. (2.6) that the scattering amplitude for a scalar Higgs boson plus any
number of partons can be obtained, at any loop order [, by the sum of the amplitudes with

¢ and ¢,
AVH, ) =A@, .. )+ AD@t, ), (2.7)

with “...” indicating any arbitrary configuration of partons.

Similarly, the amplitudes for a pseudoscalar A plus partons are given by

AV, ) =5 [AD () — AV )] | (2.8)



recognizing that the constant C' is different for the A case [50]. The relation between the
¢ and ¢! amplitudes is through parity, or complex conjugation of spinors,

AW (g At bz phey = (—1)raa| AW (g 17 2P ,n_h")] , (2.9)

(i gyl
where the spinor products (i j) and [ji| are defined in egs. (2.26) and (2.27), and ng,
denotes the number of external antiquark-quark pairs [64]. In other words, to generate an
amplitude with ¢! from an amplitude with ¢, one reverses the helicities of all quarks and
gluons, and replaces all spinors (ij) with [ji]. Thus, it is possible to reconstruct the H
and A helicity amplitudes by computing only their ¢-components, using parity to get the
¢'-components, and then assembling the two ingredients together.

It is important to note that in the separation of any Higgs amplitude into a ¢ and
a ¢! amplitude, all color and kinematic information (e.g., the momentum of the scalar
particle) remains the same in the original and the component amplitudes. What separates
is the self-duality properties of the amplitudes, and consequently their analytic structure,
resulting in a simplification of the calculation.

2.2 Color decomposition and color sums

An important tool for QCD calculations is the color decomposition of amplitudes [68-70].
It allows us to write down a color-ordered expression for any amplitude, which is a sum of
products of color structures and uncolored functions of the kinematic variables, called par-
tial amplitudes. The color and kinematic information is neatly separated in this way, and
one has to compute only the partial amplitudes, which have simpler analytic properties.
The partial amplitudes can be expressed in terms of yet simpler building blocks, called
primitive amplitudes. Primitive amplitudes are color ordered; that is, they receive contri-
butions only from planar one-loop Feynman diagrams with a fixed cyclic ordering of the
external legs. Furthermore, a given primitive amplitude either contains a closed fermion
loop (f), or it does not. If it does not, then the primitive amplitude is further characterized
by how the external fermion lines are routed as they enter the loop: whether they turn
left (L) or right (R) in the case of one fermion line; and according to leading-color (Ic) and
subleading-color (slc) designations in the case of two separate fermion lines. Computing the
primitive amplitudes will be the focus of this paper. First, we describe the decomposition
of the ¢gqQQ and ¢gqgg amplitudes in terms of partial, and then primitive, amplitudes.

2.2.1  ¢GqQQ

Because the Higgs boson, and ¢ and ¢! fields, are color-neutral, they play no role in
the color structure of the amplitude. The color decomposition of the HggQQ or ¢gqQQ
amplitude is identical to the decomposition of the four-quark ggQ@Q amplitude [71]. There
are two independent color structures, corresponding to the two independent ways we can
contract the color indices of the quarks. At tree level, the coefficients of the two color
structures are simply related,

1 .
—5,76,° |, (2.10)

Az(,LO)(gb, 16’ 2q,3Q,4Q) = 0.92 Az(,LO)(gb’ 16’ 2q,3Q’4Q) 51316133 - N
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(a) (b) (c)
Figure 1. Sample diagrams corresponding to the (a) leading color or “l¢”, (b) subleading-color

or “sl¢” and (c) fermion loop or “f” primitive amplitudes. The Higgs field can attach to any gluon
line in these diagrams.

where the tree helicity amplitudes Aé(lo)(qb, 13,2¢,30,4¢q) are given in eq. (A.4), and N,
denotes the number of colors, N, = 3 in QCD.

At one loop, the color decomposition is

Az(ll)((ﬁ, 1(17 2q,3Q,4Q) = Cg4 cr NC (Sijl(sijSAél;l((?; 1672q73Q74Q)

+ 0,010, Aua(6, 14, 24,30, 40) | » (2.11)

where we have also extracted a factor from the loop integrals,

1 T(A+ear?(1—e)
T Umr T(-20 (212)

Formulas (2.10) and (2.11) apply to the case of different quark flavors, ¢ # Q. The am-
plitude for identical flavors, ¢ = @, is found from the unequal-flavor formula by subtracting
the same formula with the labels for ¢ and ) exchanged,

l [ l
AV (6,14,24,34,40) = A (6, 14,24,30,40) — AV (6, 14, 44,30, 20). (2.13)

Note that the helicities of ¢ and Q must be the same in order to get a nonvanishing
exchange term. Of course if there are two identical quarks in the final state, there is also
an identical-particle factor of % in the phase-space measure.

The partial amplitudes A4.; and A4 can in turn be expressed in terms of primitive
amplitudes, using the results of refs. [71] for the analogous amplitudes, eTe™ — §qQQ.
Because the eTe™ pair and the scalar ¢ are both colorless, the color structure is identical
to our case. The results could be given in a helicity-independent form; however, we list

the two different helicity cases separately, so that we can use relations among the primitive



amplitudes in order to minimize the number that appear:

Asa (917,28 .35.45) = Af(,17.27,35.45) (2.14)
2

— [ AF (6,17 .25 .35, 40) + AF(9,17 .27 ,45,30)]

N62 q’7q9> q’7q9>
_ L A1, 28 8 sy + M At (17 2F 8F 4z
N6247q7q7Q7Q NC47q7q7Q7Q7
Asa (917,28 .35,45) = Af(6,17.27,35,45) (2.15)
2 _ _ _ _
_W[Allc((b? 1(j 72(—;73@745) + ALC((b’ 1(j 72;_74573Q)]
c
1 | _ _ ng ¢ _ _
AT, 16’23’45’3Q)+FCA4(¢’ 17,25,35:48),
c
A4;2(¢7 1(;72;7357463) - Allc(¢7 1572;745735) (216)
! - - 1 — _
o A (1 120,45:35) + AF(6,17,25,35,40)]
c
Ao, 2t 8 any = At (g1 b 3E 4
N6247q7q7Q7Q NC47q7q7Q7Q7
Au2(0,15,24,35,45) = Af(6.17,24.35.45) (2.17)
1 _ _ _ _
_W[Allc((b? 1(j 72(—;73@745) + ALC((b’ 1(j 72;_74573Q)]
c
—LAS“((ﬁ 17,2F 4% 30) — L Af (4,17, 25,37, 43)
N247q7q7Q7Q N47q7q7Q7Q-
c c

Here Alf, AZIC, and Af1 describe respectively the leading-color, subleading-color and fermion-
loop primitive amplitudes. The number of massless quark flavors is denoted by ny. The
quantity AL (¢, 17, 2;;, 45, 325) refers to the primitive amplitude A% (¢, 17, 2;‘, 35, 45) with
the labels on legs 3 and 4 exchanged. Sample Feynman diagrams corresponding to these
amplitudes are shown in figure 1.

The virtual part of the unpolarized NLO cross section for HgqQQ requires the sum
over both helicities and colors of the interference of the tree and one-loop amplitudes. The

color sum is straightforward to work out from eqgs. (2.10) and (2.11),

37 [AGAL o = 20%erg® (N2 — 1) Ne Re| AL (H, 14,24, 3¢, 40) Aua (H, 15, 2q,3Q,4Q)] .
colors

(2.18)

The same formula also applies with H replaced by A. The formula for the case of identical
quarks ¢ = @ follows from eq. (2.13).

2.2.2  ¢qqqg

Similarly, the color decomposition for the ¢ggqgg amplitudes is identical to that for the
process ete” — qqgg [72]. The tree amplitude is given by

AP (6,14,24,3,4) = Og® S (120 T%w), ™ AL (6,14,24,0(3),0(4)), (2.19)
o€Sy



(d) (e)
Figure 2. Sample diagrams corresponding to the (a) gggg L, (b) gggg R, (¢) ggqg L, (d) Gqgg

fermion loop, and (e) gggg fermion loop primitive amplitudes. The Higgs field can attach to any
gluon line in these diagrams.

where the tree helicity amplitudes Aflo) (¢,15,24,3,4) are given in eq. (A.5).

The one-loop amplitude is decomposed as

AP (6,14,24,3,4) = Cgter | No Y. (9@ T%@),1 Ay (6, 14,24, 0(3), 0(4))

ogES2

+ 5394 5;1144;3(@5, 14,24;3,4)] . (2.20)

The partial amplitudes A4;; and Ay.3 are given, in a helicity-independent fashion, by

1
Ag1(6,14,24,3,4) = Af(,14,24,3,4) — WAf(gb, 14,24,3,4)
Cc
n
+ _fAfl(¢7 1@7 2q7374)7 (221)
Ne

A4§3(¢’ 1@? 2(]’ 3’ 4) = Aé[l/(qs’ 1@? 2qa 37 4) + Aé[l/(qsa 1@5 2qa 4) 3) + Azlll(qsa 1@5 3) 2qa 4)
+ A7 (6, 14,4,2¢,3) + A (6, 15,24, 3,4) + AF(6,14,24,4,3).
(2.22)



Here we choose to label the leading- and subleading-color primitive amplitudes by “L”
and “R” (corresponding to fermion lines turning left or right upon entering the loop)
to be compatible with the notation used in ref. [50]. Again AZ denotes a fermion-loop
contribution. Sample Feynman diagrams corresponding to these primitive amplitudes are
shown in figure 2.

The virtual part of the unpolarized NLO cross section for Hgqgg requires the sum over
both helicities and colors of the interference of the tree and one-loop amplitudes. The color
sum can be expressed in the same form as that for ete™ — gqgg [72],

Z ['AZ'A‘J NLO — 202CF96(N02 - 1) Re{Aé(l(]) *(H’ 13,243, 4) [(Ng - 1)A4§1(H’ 1g,24,3, 4)

colors

—Ay1(H,14,24,4,3) + As3(H, 15, 24; 3,4)} } + {3 < 4}. (2.23)
The same formula also applies with H replaced by A.

2.3 Spinor helicity formalism

Primitive amplitudes depend only on kinematic variables. They are functions of the exter-
nal momenta of the Higgs boson, k4 = kg, and of the four partons, k;, i = 1,...,4. These
momenta are all outgoing, by convention, so momentum conservation and the on-shell
conditions read,

4
ko+ > ki=0, (2.24)
=1
ki = ki =mj, k2 =0. (2.25)

A very convenient representation of the amplitudes is in terms of spinor inner products, as
reviewed e.g. in refs. [69, 70]. Let uy(k;) be a massless Weyl spinor of momentum k; and
positive or negative chirality. The corresponding two-component spinors are often denoted
A and S\f‘ The spinor products are defined by

(i) = Xhja = (717%) = B (hoyus (k) (2.26)
[i4] = XiaA§ = (iF]57) =y (ki)u_(k;) . (2.27)
We use the convention [i j] = sgn(k:?k:?) (j1)", so that

For real momenta, and up to a complex phase, the spinor inner products are square roots
of the corresponding kinematic invariant s;; = (k; + k;)?.

Three-parton invariant masses are defined by,
siji = (ki + kj +ke)® = () [+ () L] + () [L]. (2.29)
We also define the spinor strings,

{alio] = (ad)[i0] (al(i + )] = (ai)[ib] + {aj)[70] . (2.30)

,10,



Strings involving the Higgs momentum, such as (a~|kg|b~), could also show up; however,
they can be eliminated in favor of strings such as in eq. (2.30) using momentum conservation.

Besides momentum conservation, the other two spinor product identities used to sim-
plify expressions are antisymmetry,

(G1) =—=(i7) il =—=1iJl (2.31)

and the Schouten identity,
(ab) (cd) = (ad) {cb) + (ac) (bd) , (2.32)
[ab] [cd] = [ad][cb] + [ac] [bd] . (2.33)

Composite spinors can appear in these products as well and they can be handled similarly,

(alPr.jlt] {cd) = (ad) (c|Pr.5|6] — (ac) (d|Pr. 18], (2.34)
(alPr.s 6] [ed] = {alP.s1d] [cb] + (al Py jle] [od] | (2.35)

(a|Pi._4|b)(c|Pi._4|d] = (a|P;._;|d)(c|P;._4|b] — P? j{ac) [bd] (2.36)

where P, _; denotes an arbitrary momentum sum, P! i = in:i k.. The spinor products

defined above form the building blocks for the primitive amplitudes and the basis for our
calculations in the next sections.

3 Unitarity and recursive bootstrap method

The method we employ in our paper combines the (generalized) unitarity method [53-55,
72-74] with on-shell recursion relations [75] operating at one loop [56, 76, 77]. Using general
integral reduction formulae [78, 79], any dimensionally-regulated one-loop amplitude Ag)
with massless internal lines can be decomposed as,

AN = Cp+ Ry, (3.1)

where the cut part C,, is a linear combination of scalar integrals [78, 79],

and R, denotes the rational part, which contains no branch cuts (in four dimensions).
The box integrals Z}, triangle integrals Z} and bubble integrals Z} are well known (see for
example refs. [80-83]). Hence determining C), is equivalent to computing the coefficients of
the respective integrals, d;, ¢; and b;. These coefficients are found by taking (generalized)
four-dimensional unitarity cuts of the amplitude in various channels. The rational part R,
will be calculated by utilizing on-shell recursion relations, which requires only information
about lower-point loop amplitudes and tree amplitudes. (For a review of the on-shell
approach, see ref. [37].)

In the remainder of this section, we outline the various ingredients in the method, and
apply them to specific primitive amplitudes for ¢ggQQ and ¢gqgg. The results for these
amplitudes are collected in section 4.
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Figure 3. Evaluation of a box function coefficient using quadruple cuts. The four on-shell
conditions on the loop momentum reduce the integration to an algebraic product of four tree
amplitudes.

3.1 Generalized unitarity for box coefficients

In this paper, the generalized unitarity method, along with complex spinor integra-
tion [53-55] is employed in a twofold manner for the calculation of box functions and
bubble (single log) functions respectively.

In ref. [53] it was shown that using quadruple cuts, it is possible to reduce the task of
calculating the coefficient of any box function into that of calculating a product of four tree
amplitudes. This method can be applied to box functions with any number of external
masses by taking advantage of the generally non-vanishing behavior of the all-massless
three-point amplitudes when momenta are complexified. A three-point amplitude with
one leg carrying opposite helicity from the other two can have either an MHV or an anti-
MHYV (sometimes also denoted MHV) representation while satisfying energy-momentum
conservation. The complex momenta allow for all four loop momenta of a box diagram to
become on-shell, freezing the cut integral completely and simplifying it into an algebraic
product of tree amplitudes.

For example, the coefficient of the box integral in figure 3 is given by

1
d =
ArsZy

/ dtey 5 (3) 50 (3) 60 (13) 6 (1) AV AP AP AP . (3.3)

where 0y = 01 — Ky, {3 = {1 — K1 — Ko, {4 = /1 + K4, and each AZ(O) corresponds to the tree
amplitude in the respective corner with massive (or massless) momentum K; (i =1...4).
The quadruple cut (or leading singularity) of the scalar box integral is given by

ArsTy = / d*ey 5 (67) 5 (65) 600 (63) 6 (63) (3.4)
from which we obtain
1 0) ;o\ 4(0) o\ 4(0) /1 po\ 4(0) /)
d= 5> AV (DAY ) A () AP (15), (3.5)
o,h
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Figure 4. Quadruple cut for the evaluation of the easy-two-mass box coefficient d35*¢ of
Alf(6,17,27,35,44)-

q°7q>

where the summation is over the two discrete solutions /7, o = 1,2, of the loop-momentum
localization constraints,

B=0B=0r=0=0, (3.6)

and over all possible helicities h of internal particles propagating in the loop.

3.1.1 A two-mass box coefficient

Let’s consider, for example, the leading-color primitive amplitude AY (¢, 1;,2?,35,4&).
One of the box coefficients that needs to be determined for this primitive amplitude is that
of the “easy two mass” box integral, with diagonally opposite massive legs having mass
m%{ and so3. Because all the two-mass boxes have m%{ as one of the two masses, we denote
this coefficient, using the other mass, as d35*°. This box integral is defined by the clustering
of the five external particles into the four legs of the box: (1)(23)(4)(¢). The associated
quadruple cut is shown in figure 4.

The tree amplitude with ¢ and two gluons vanishes unless both helicities are nega-
tive [65]. It is easy to see that this fact, plus fermion helicity conservation, forces the
unique assignment of intermediate helicities shown in figure 4. The three-point vertices
containing legs 1 and 4 are only nonvanishing for one of the two solutions to the quadruple

cut conditions (3.6). Equation (3.5) then becomes,

me 1 - - - - - -
2 :§A;°>(¢,el,—eg VAL (—f 15,03 ) AL (—t5,, 24 35,44Q)Ag°>(—e+ a5.6.").

1°-q>» Q(ja q> 4@,
(3.7)
Using the expressions for the tree amplitudes, we get
* —0) bf [23)” ASAE
a2me = Lo (o, (—))? x[( vl - x 4 ) 3.8
=g (Ha ) < g (AT R AT I
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The positive chirality spinors for the three-point vertices containing legs 1 and 4
are proportional,
Aoy X Agy XA, Aoy ¢ Ay o Mg (3.9)
Using this fact, along with momentum conservation relations, we can eliminate all explicit
loop momenta from eq. (3.8):
1

d2me _ 2
e = 5[23)

2 ([€2 4] (62 €4) [ ¢4))°
[1€2] [€22] [344] [€4 4]
23] ([£21] (14) [4£4])
[1€2] [€22] [344] [€4 4]
[145] (€2 4) (144)[ls4]
[245] (€2 4) (144) [€43]
1(2 +3)[4) (1[(2+3)4]
23] (34) (12)[23]
(14)*
(12) (34)

(14)%[23]°

|

(14?23

1
2
1
2
1
2
1
2

(41(2 4 3)1)(1](2 + 3)|4] (3.10)

In section 4 we express the result, not in terms of the scalar box integral Z2™¢, but in
terms of the infrared-finite box function LSQ_Hl16 (8123, 5934; 523,m%{). These are related by
eq. (B.6). After removing a factor of cp associated with eq. (2.11), and using the identity

S1238234 — Sogmyr = (4)(2+ 3)[1(1](2 + 3)4], (3.11)
the coefficient of the box function LSQ_“fe (3123, $934; S93, m%{) in Alf((b, 17, 2;, 35, 45) is
2i o (14)? ©) (4 1— _
D2me = aze = 1L __ — _AV(p,1-,25,35.45).  (3.12
» 51235234 — 823qu Z (12) (34) (1% @ Q) ( )

It is a general feature of every primitive amplitude presented in section 4 that all easy-
two-mass box functions have coefficients equal to the negative of the corresponding tree
amplitude. We therefore collect all the Ls?}¢ functions into “V” functions, which also
contain the infrared and ultraviolet poles in ¢, since the latter have to be proportional to
the tree amplitude as well.

3.1.2 Calculation of a one-mass box coefficient

As our second box example, we compute for the same primitive amplitude the coefli-
cient of the one-mass box function Ls_j (s12, S23; S123), associated with the external leg
clustering (1)(2)(3)(4¢). The quadruple cut is depicted in figure 5. We label the box
integral coefficient by d}3}. Again the vanishing of a tree amplitude involving ¢, in this
case Ai(,,o)(qﬁ,ﬁf, —EIQAZ?), along with fermion helicity conservation and the vanishing of
Aio)(cj_,q+, g, g"), forces the unique helicity assignment shown in the figure. The cut
evaluates to

L1 _ _ _ _ _ _
dify = S A5 (0.0~ Ag) A (0 17 ) A (g 27 45) A (435 L)

Q7 127g> 29> “q
SO O R N (G Y O B Gl 23) i WO (Gl E
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Figure 5. Quadruple cut for the evaluation of the one-mass box coefficient di5} appearing in
Alf(6,17,25,35,43)-

q77q?

After some spinor product manipulations similar to eq. (3.10), we have

1 (14)?
dim = = —_ 3.14
which yields for the coefficient of the function Ls_1 (s12, S23; $123),
2 o (14)? O, 1— -
Dim = = gim = _ — _A 17,25,3% 45). 3.15
123 512523 123 v <1 2> <3 4> 4 (¢7 q>%q°Q Q) ( )

The result is again proportional to the tree, up to a sign. This property holds for all
the one-mass box coefficients Ls_; in the ¢GgQQ primitive amplitudes, apart from the
leading-color piece of the (—4—+4) helicity configuration. However, in the ¢gqgg primitive
amplitudes it is typically not true.

3.2 Absence of three-mass triangles

The one-loop ¢ amplitudes that we consider in this paper have the property that the triple
cuts associated with three-mass triangle integrals all vanish. This general feature holds
because the tree-level four-parton amplitudes in QCD, Aio)(l, 2,3,4), and those with an
additional ¢ boson, Agf)) (¢,1,2,3,4), each require two negative helicities to be nonvanishing.
A nonvanishing product of three such amplitudes, as required for a triple cut, implies six
negative helicities. Three of the negative helicities are associated with the three cut lines,
so there must be three external negative helicities. However, the one-loop ¢ amplitudes
we consider here only have two negative helicities. An example of a vanishing triple cut
is shown in figure 6. The same argument implies that all “hard-two-mass” boxes, with
two adjacent massive legs, must vanish: For any hard-two-mass box quadruple cut, one
can remove the cut between the two adjacent massless legs, relaxing the quadruple cut
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Figure 6. Sample ¢gqQQ triple cut, illustrating the vanishing coefficient for a three-mass triangle
integral, caused by the tree amplitude in the lower right corner associated with the external invariant
s34. Consequently, hard-two-mass box functions are absent from the amplitude as well.

into a (vanishing) triple cut. Because the ¢ + 4 parton amplitudes obviously contain no
three-mass or four-mass box integrals, only one-mass and easy-two-mass box coefficients
have to be computed here.

The amplitudes ¢g~ g gtg™ [51] and ¢g~gT g~ g™ [52] also contain only one-mass and
easy-two-mass boxes, and no three-mass triangles, for the same reason, insufficiently many
negative helicities in the triple cuts. Interestingly, the amplitude ¢g~ g~ ¢~ ¢~ computed in
ref. [49] also contains only one-mass and easy-two-mass boxes, and no three-mass triangles,
for the opposite reason, a paucity of positive helicity gluons. On the other hand, the
primitive amplitudes for g ¢ ¢ g~ and ¢gT g~ g~ ¢, which have not yet been computed
analytically, will contain three-mass triangles and hard-two-mass boxes.

For the coefficients of two-mass and one-mass triangles, the above triple-cut vanishing
argument does not hold. The existence of a massless external leg implies that one of the
tree amplitudes can be an MHV three-point amplitude, which contains only one negative
helicity, not two. However, the two-mass and one-mass triangle integrals, given in egs. (B.7)
and (B.8), contain single log terms at order 1/e. Because of this, their coefficients are
completely determined by the known infrared poles of the amplitude, so they do not have
to be computed separately. The remainder of the work to compute the cut part of the

amplitude involves determining the coefficients of bubble integrals.

3.3 Unitarity and spinor integration for bubbles

In the case of the ordinary two-particle cuts used to determine bubble coefficients, there
are not enough constraints to fully localize the cut integral. The cut contains a residual
phase-space integral. The method we use in this case was proposed in refs. [54, 55] and
consists of writing the cut loop momentum integral as an integral over spinor variables
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Figure 7. Example of the evaluation of a bubble (single log) function using an ordinary two-
particle cut. Integration over the loop momentum is required in this case.

¢ = |¢) and ¢ = |¢] [66]. The integrand can be transformed into a total derivative in /,
leaving a single integral over ¢ which can be evaluated by residue extraction.

For the cut shown in figure 7, the coefficient of the logarithm will be given by an
integral of the form

/ a0, 5 (2) 5 (2) AV AY = / Tt / (£dey[¢de) 5(P2—t(t|P|]) £(£,0), (3.16)
0

where ¢ can be either ¢, or £2, whichever is more convenient. The function f(¢,¢) represents
the product of the two tree amplitudes and is in general a sum of terms of the form

[Ti(ai ) T1;105 1 TTx (61 R |4]
[1:{ci €) Hj[dj ATLQxl0”

with Qr#P, Qi #0. (3.17)

After performing the integration over ¢ and partial fractioning using Schouten identities,
we can always bring the remaining integrand into a form where we can take advantage of
the identity

[n 4" 11 gt
eat) (g iges ) = aeod <n F1{PT] <erPre]n+1) | (319

and convert it into a total derivative with respect to |¢]. (In the special case of n = 0,
the spinor |n] appears only on the right-hand side of eq. (3.18); hence it can be chosen
arbitrarily.) Then we can evaluate the integral over |¢) by calculating the residue for each
pole. The case of multiple poles was also examined in ref. [55].

In this process one also detects the coefficients of box integrals sharing the same cut.
These are the terms that scale like 1/(¢|P|¢] after partial fractioning of the integrand. They
can serve as an independent check of the box coefficients determined by the quadruple cuts.
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Figure 8. Two-particle cut for the evaluation of the bubble function coefficient bis3 of

Af(6,17.27.35,40)-

3.3.1 Calculation of a bubble coefficient

As an example, we compute the coefficient of the bubble integral Zs(s123), or equivalently,
of the single logarithm In(—sjs3), in the primitive amplitude AY (¢, 15,2;,35,45). The
corresponding two-particle cut is shown in figure 8, and the cut integral is given by

i / dLIPS AL (6,07, 615, 40) x AL (— 17,2435, ~t5)

1% 1>+qG°%g>
- (14)° (1(=£2))° (23)
- f auies <‘ (t4) ) “ 2] @23) B ) {(~0) () (0 )
(21)° (1 4)°

(3.19)

= / LIPS o 163) (o) (1) (G 4y

Here dLIPS stands for the Lorentz-invariant phase space measure.

By multiplying both the numerator and denominator of the integrand in eq. (3.19)
with factors of [¢2 /1] we can eliminate one of the loop momenta (in this case we choose to
eliminate ¢1 ), leaving us with an expression that depends only on the other loop momentum
(in this case, ¢2). Furthermore, we rewrite the integral over the Lorentz-invariant phase

space as an integral over spinor variables, as in eq. (3.16),

/dLIPS = /Ootdt/<£2 dla) [Lo dls) 5 (P? —t (L2| P|6s]) (3.20)
0

with P = Pjo3 = ki + ko + k3. We also need to track factors of v/t from rescaling the /o

spinors in the integrand. Performing these steps yields

(€2 1)° (4]P|(o]"

A2 (63 PP Gy Y

—/OO 2 dt/(@ dls) [£2.de) 5 (P* — t (6] P|6s)
0
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We can readily integrate over t, eliminating the J-function, to get

P2 (5 1)° (4] P|t5)”
(€2 P|0o]® (12) (€2 3) (1|P|l2] (€2 4)

- / (€2 dlz) [£2 dls] (3.22)

The two-particle cut we have considered detects not only bubbles, but also boxes that
have cuts in this channel. By using Schouten identities we can rearrange terms so that we
separate the bubble contributions from the box contributions,

(02| Pleo)* (12) (£23) (62| P|€2]? (12) (€2 3)

P2 (051) (14)?
(€2|P|62] (12) (€2 3) (1| P|La] (£24) |

—/<€2 063) [t dt] {zﬂ (€2 1) (1|P|ts) (€2 4) 2P2 (5 1) (14)

+ (3.23)

We identify the box contribution as the last term in eq. (3.23), with the 1/ (/3| P|¢2] depen-
dence. Because the box contributions are obtained straightforwardly from the quadruple
cuts, we can safely discard them (or use them as an independent check, but we won’t do
so here). The remaining part will be the coefficient of the bubble Z5(s123), given by

P2 (05 1) (1| P|ts] (€2 4) 2P2 (05 1) (14) }
. . . (3.24)
(62| Plea]” (12) (€2 3)  (€2|P|6o]” (12) (£23)

biaz = — / (0o dly) [0o dls] { _

Transforming the integral over |(s] into a total derivative using the general formula (3.18),
with n = 0,1 for the two terms in eq. (3.24), we obtain

B 1 (1[P[6) (2 4) 2P2 (£51) (14) [345]
b123 —/<€2 dla) [dly 6@]{2 GIPIGE (12) (63) + I (12) 62 3) (1P } (3.25)

In this last step we have chosen the value |n] = |3] for the arbitrary spinor |n| appearing in
the n = 0 term after its transformation into a total derivative.

At this point we are ready to evaluate the integral over |¢3) by computing the residues
of the poles of the integrand. We only have simple poles occurring for |f3) = |3) in the
first term, and for [¢3) = P|3] in the second term of eq. (3.25). Note that our choice for

|n] eliminates a pole for |f3) = |3) in the second term. After substituting and simplify-
ing, using (3|P|3] = s123 — s12, we get for the coefficient of the single log In(—si23) in
A (6,17,25.35,49),

1(12)[23]* (34 23] (14

2 (s123 — 512) S123 — S12

which is a rather simple final answer.

The procedure outlined above for the computation of Biog is a typical example of the
steps that have to be carried out to calculate any bubble function coefficient. It has been
automated and implemented in MAPLE and yields a fast analytical evaluation of these cuts.
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3.4 On-shell recursion

The (four-dimensional) unitarity technique can give us the cut-containing parts of the
amplitudes (terms associated with functions with an imaginary part), but not the parts that
are rational functions of the kinematic variables. However, these terms can be determined
from their analytic properties as well, namely their factorization poles. On-shell recursion
relations, developed first at tree level [75, 84] and later at one loop [56-58, 76, 77, 85],
exploit the known factorization behavior and have greatly simplified the task of calculating
these terms.

At tree level, all amplitudes are rational functions and one can consider [75] a complex
shift of any two of the external momenta j and [ of an amplitude A,,, given by

)\j — S\J' — 25\1 NN+ Z)\j . (3.27)

This [4,1) shift preserves momentum conservation as well as the massless conditions for the
momenta k; and k;, which are now modified as follows,

R = k= (), K — K+ Sl (3.28)
The shifted amplitude A4,,(z) is an analytic function of z with only simple poles, which are
associated with factorizations of A, (z) onto lower-point tree amplitudes.

Provided that A,,(z) — 0 as z — oo, the integral of A, (z)/z over the contour at infinity
vanishes. This integral is also given by the sum over the residues at the poles for finite z.
Therefore, the unshifted physical amplitude we wish to compute is given by the residue at
z =0,

(3.29)

Each pole z, in eq. (3.29) is associated with a physical factorization channel of the ampli-
tude. Factorization allows the evaluation of the residue, leading to the tree-level on-shell
recursion relation [75, 84]

) _
A, = Z Z A}LL(ZTS)PTARh(er) 5 (3'30)
h r.s T...8

where h = 41 denotes the helicity of the intermediate state carrying momentum P, ;. The
double sum over r and s is over partitions of the external legs into two sets (contiguous
with respect to the color-ordering), for which the shifted legs j and [ lie on opposite sides
of the pole (j € L and [ € R). In the case of ¢ amplitudes, because ¢ is uncolored (and we
do not shift the ¢ leg), it can appear on either the L or R side. The tree amplitudes on
each side are evaluated at the complex momenta (3.28), shifted by z = 2,5, where

PT‘ZS

SE T T Ty (3:3)

is the solution to the condition P? (z.5) = 0.
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Figure 9. Analytic structure in the z plane of (a) tree amplitudes A%O) (2), (b) one-loop amplitudes

A (z), and (c) the rational part of one-loop amplitudes R, (z). The contour of integration is shown.
The (green) dots in (a) and (b) represent physical poles. The additional (red) dots displayed in (c)
represent spurious poles.

At the one-loop level the situation is more intricate. Figure 9(a) shows schemati-
cally the pole structure of a typical tree amplitude A,(lo)(z). As shown in figure 9(b), the
shifted one-loop amplitude A&l)(z) can in general have not just simple physical poles, but
also branch cuts in the complex plane, as well as double poles [76]. In addition, it more
frequently has non-vanishing behavior at infinity.

Branch cuts would result in the need to evaluate discontinuities along an integration
contour, as shown in figure 9(b). To avoid this, one can use the decomposition (3.1) of the
one-loop amplitude AS) into a cut part C},, and a rational part R,,, and then work with the
shifted rational part R, (z), instead of analyzing the behavior of the full shifted one-loop
amplitude A%l)(z). Although R, (z) is a rational function of z, only containing poles, some
of these poles are spurious. The spurious poles are represented by the additional (red) dots
in figure 9(c). Unlike the physical poles, the spurious poles are not associated with physical
factorization channels. Their contribution to the entire shifted amplitude A,(ll)(z) cancels
between the shifted cut part C,,(z) and the shifted rational part R, (z).

One type of spurious pole arises from the existence of terms such as (Inr)/(1 —r)? in
C,. Here r is a ratio of two kinematic invariants that differ by a single massless leg. For
example, eq. (3.26) displays a factor of (s123 — s12)? in the denominator of the coefficient
of In(—s123) in the primitive amplitude Alf(¢, 1;,2;,35,45). It corresponds to a term
(In7)/(1 — 7)? with 7 = s123/s12. Under many choices of shift (3.27), » will become a
nontrivial function of z. In this case a spurious pole, located at the solution to r(z) = 1,
will be generated for C),(z), and a compensating one for R, (z).

An analytic method for handling the contributions of spurious poles was developed in
a number of papers [56-58, 85]. The method has also been applied to Higgs boson ampli-
tudes [51, 52]. It consists of the following approach: We assume that the cut-containing
pieces C), have been obtained using methods such as those described in the previous sub-

section. Then, for a general shifted one-loop amplitude we can write

AW (2) = Cu(z) + Ru(z). (3.32)

n
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Our goal is to compute the rational terms R,,. We can absorb spurious singularities present

in R,, into the cut-containing pieces by rewriting
AD(z) = Cul2) + Ra(2), (3.33)

where the completed-cut terms an(z) are free of spurious singularities, as are the remaining
rational terms Ry (z).

To absorb all spurious singularities located at solutions to r(z) = 1, we make substi-
tutions in C,, of the form

(11E:)3 — 1nr_(1(70__7~)13/T)/2 = La(r), (3.35)

where r represents the ratio of any two kinematic invariants that differ by a single massless
leg. The amount by which the completed-cut terms have changed in this process is given

by the rational completed-cut terms,

CRn(2) = Cp(z) — Cp(z). (3.36)
Consequently,

Ru(z) = Ru(z) — CRy(2). (3.37)

One can then consider the contour integral at infinity for ]?En(z) /.
Provided that all spurious poles are removed from R, (z) by the substitutions (3.34)
and (3.35), this contour integral leads to an equation analogous to the tree-level recursion

relation (3.29), featuring residues only at physical poles,

Ry (2) .

z

R,=R,(0)=—= > Res (3.38)

poles

These residues can be split into two sets of terms, using eq. (3.37). The first set consists of
the recursive diagrams, associated with residues of R, (z); it can be evaluated analogously
to the tree-level recursive diagrams (3.30):

Rn(2)
RP = —
poles «
. . i . .
= ZZ{R(I{T,...,k:j,...,ks,—Pr“’?s) 53 AO(kgyy, koo kg, P )
h r.s T...8
+A(O)(kr’..-,kj,...,ks,—pr___}_ls)P%R(kjerl,...,kl,...,krfl,pﬁns)

R R ; P2 R R
+ AO (kyy ko Ky, — PR )MA(O)(/%H, ok ,kr_l,P[f__s)} .

(3.39)
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The recursive diagrams are computed from the rational parts R of lower-point loop am-
plitudes, and lower-point tree amplitudes A® | as well as the rational part of the factor-
ization function Rz, which only enters for multi-particle poles [56] (and not for collinear,
two-particle channels). Just as at tree level, ¢ can appear on either side of the pole.

The second contribution from the physical poles consists of the overlap terms,

—

(3.40)

They correct for the difference between Ry, (z) and Ry (z) in eq. (3.37). In section 3.4.2 we
will describe a modification of this procedure that can be used when the cut-completion
described above fails to remove all spurious poles.

Finally, we have to consider the potential contributions to the integral from infinity,
because ]?En(z) = Asll)(z) - an(z) may not vanish as z — co. In the case of the HgqQQ
amplitudes there is always a shift that ensures a vanishing behavior of ﬁn(z) for large z, but
there is no guarantee that this is always the case. In fact, some of the shifts used to compute
the Hgqgg amplitudes have non-vanishing large z behavior. Usually it is straightforward to
compute the z — oo limit of A,(z) and C,(2), denoted by InfA, and Inf C, respectively.
In some cases, a pair of shifts is necessary [57] (the original shift plus an auxiliary one), but
that was not required for the amplitudes computed here. Putting together all the pieces,
the full answer is given by

AHoor — @4 RD 1 O, —Inf C,, + InfA, (3.41)
3.4.1 Calculation of rational parts for Alf(¢, 17, 22;, 3+ 4- )
To illustrate the calculation of the rational parts, we consider the primitive amplitude
Al (o, 1;,2;‘,3+ 4&) After completing the cut terms to form @4, the first step is to
choose a pair of legs [7,1) to shift according to eq. (3.27). Then we compute the recursive
diagrams RY and overlap terms Oy, as well as any contributions from infinity (Inf terms)
under this shift.

For the case of AX (¢, 17, 2;, 3t 47 ) the only parts of the cut terms that need com-
pleting, to remove spurious smgularltles are the single log terms. From the first term in

q. (3.26) we see that the function Ly (=3}2), as defined in eq. (3.34), should be introduced

to remove the singularity as s123 — s12. Similarly, the coefficient of In(—sg34) (which is

related by symmetry to that of In(—s123)) requires the function Ly (=2234). These functions

are collected in eq. (4.8). From the rational parts of the L; functions we obtain 5?24,

= i B4[23° i (12)[23?
CR4 N 2 [1 2] (812 — 8123) + 2 [3 4] (834 — 8234) ’

(3.42)

At this point there are no spurious poles left in 64, so we can proceed to choose a

complex momentum shift (3.27). For Alc(lg, 2;, 3,4, o) we choose the [4,2) shift, namely

M — M — 2)ha, Ay — Ao+ 2)g, (3.43)
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Figure 10. Diagrams needed to evaluate the recursive diagrams RY of Alf(, 17, 2;, 35, 4;2)

or equivalently,

4] = 4] - = (2] , 2) =12) +214) . (3.44)

The contribution from infinity vanishes for this shift, Inf A4 = 0. This behavior for the full
amplitude can be inferred from the corresponding behavior of the known one-loop QCD
amplitude found by deleting ¢, Alf(qu, 2;, 35, 45) The rational part of this amplitude is
a constant times the tree amplitude [86], and it is easy to see from eq. (A.4) that the tree
amplitude vanishes under the [4,2) shift. Injecting a finite amount of momentum through
the field ¢ should not affect the large-z behavior. We confirm this assumption a posteriori
by checking factorization limits that are independent of the ones used to construct the
recursion relation. It is also easy to verify that 6’4(2) vanishes at infinity; i.e., Inf 6’4 = 0.
Next we look at the recursive diagrams RY. The only diagrams that give non-vanishing
contributions are the ones shown in figure 10. We evaluate each of them separately.
Diagram (a) is given by,
D = Ry(1;,2F, —P") SLH AP (4,331,

)

). (3.45)

The tree amplitude Ago)(gb, 35,1&,ﬁ_) is a simple MHV ¢-amplitude. The loop three-

point rational part R3(1g,/2\;', —ﬁ*‘) can be extracted from the rational part of a one-loop
splitting amplitude for g — gq. It is equal to the MHV tree amplitude Ago)(lg,é\;‘, —ﬁ+),
multiplied by the (O(e”)) rational part of of the loop splitting factor rg](i, qT,q%) defined
in ref. [73],

[Hiq: + _ @_5_1% 4
rg' (£,47,q )rat. T (3.46)
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Here dp is a regularization-scheme dependent parameter, which fixes the number of helicity
states of the gluons running in the loop to (4 —2dge). For the 't Hooft-Veltman scheme [87]
dr = 1, while in the four-dimensional helicity (FDH) scheme [88, 89] 0z = 0.

Thus we get for diagram (a),

@ [2(=P)2\ /83 & i (P 4)?
DY = <—ZW> (ﬁ _FR> - (—z ) ) . (3.47)

To remove the dependence on P we use the on-shell condition,

12)=0 < (12)+2(14)=0 < z:—%, (3.48)
and
P o= 1]+ 22 = [+ [2]2] + 2[2](4] = P+ z[2][(4], (3.49)
plus some simple spinor product algebra, to get
2
() _ ;U7 (83 ORN )y gt gk gy (3300
D;’ = z<12> s\ 6) A (¢,1q,2q,3Q,4Q)>< 26 ) (3.50)

For diagram (b) we have the same on-shell condition as for (a). We also need the

rational part of the leading-color ¢gqg amplitude Agl) (¢, 17, 2(‘;, 37). This can be extracted

from the HGqg amplitude [48] and the finite amplitude Agl)(qb, 1;,2;‘,3+) [50]. Then a
calculation very similar to that for diagram (a) yields
b 01— 5 Sty 4 ~ 5o
Dé(l) :Ag)(l(ja2;r,_P+)£R3(¢53554Q5P )
_ DYI2 . D A\2
C(LR2CPEY i (P (, 8
[1 2] S12 <3 4> 18 6
— 20 - ot at+ 4— 119 dr
= Ay (0,15, 2, 7?)Q,ALQ) X (K —% ) (3.51)

For diagram (c), the required one-loop ¢ amplitude is Agl)(qﬁ, 17,25,3%) [50]. The

on-shell condition becomes

34/ =0 < [34-2z[32]=0 < z:% (3.52)
and R
P = 313+ [4)(4] = [3)(3| + [4](4] — z|2](4] = P —z|2](4]. (3.53)

The diagram evaluates to

Dé(f) = R3(¢a 15,/2\;_,ﬁ+) QA&O)(?)E,Zé,—P_)

_(_.2PP Lsp) i ((=P)4)?
- <—z 7] ) (—2— §%> - (—zw> . (3.54)
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By substituting z with its value given by the on-shell condition for ﬁ, eq. (3.52), and using
the Schouten identity, we find that

P — 23] (_2 %[12]<1I(2+4)|3]>

[12][34] (23] s234
= A%(61,17, 28,35, 43) (—2 + % 12] [;1;,323;;44”3]) : (3.55)

In principle, there could be recursive diagrams associated with the s193 and s341 chan-
nels. However, these diagrams vanish because on one side of the pole is a ¢gq amplitude.
The amplitude Az (¢, 15, 2?) vanishes by angular momentum conservation, while the ampli-
tude Az (¢, 12;, 2?) vanishes because the quarks are massless and interact only with gluons,
via chirality-preserving interactions. Similarly, the so3 and s41 poles are absent because
there is no three-point amplitude containing two different flavor quarks. The sum of the

recursive diagrams is

RY =D + D" + D\ (3.56)
Next we evaluate the overlap terms O4. They are given by
CRy(2)
Oy= > Res ——, (3.57)

where the sum is only over the physical poles. In our case, physical poles can arise only when
the following intermediate momenta go on shell (the same channels that admit possible
recursive diagrams):

. 12) ~ (23)
P2 =0 :—<— P2 =0 =/ 3.58
12 - Z (14)’ 23 - Zz 34)° ( )
~ 34] ~ [14]
P2 =0 :[— P2 =0 = 3.59
34 < z [3 2] ) 41 = Z [1 2] ) ( )
jay 5123 52 5341
Pi. =0 & z=-—— "1 P2 _) & y—=_ 0 3.60
123 ST U D CUnaps GO

However, we note that the sa3, s41, S123 and s341 channels had no recursive diagrams. This
does not necessarily imply the absence of an overlap diagram (in principle C Ry could have
a worse behavior than Ry in a given channel), but it is easy to check that eq. (3.42) has no
poles in these channels.
The two remaining cases correspond schematically to diagrams (a) and (b) shown in
figure 11. We write
(a) (b)
O,=0,"+0,", (3.61)

where diagram (a) corresponds to ﬁfQ = 0 and diagram (b) to ﬁ9?4 = 0. It is simple to see
from the [4,2) shift of CRy in eq. (3.42) that Ofla) also vanishes, because there is no factor
of (12) in the denominator of CRy. Thus the only non-vanishing overlap contribution
comes from Oflb), due to the factor of [34] in the denominator of CRy. The residue is easily
found to be

0y =0 = (1](2 +4)[3] [23]

=5 Bl (3.62)
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Figure 11. Schematic diagrams corresponding to the overlap terms Oy of Alf(¢, 17, 2;, 35, 45)

The diagrams are computed from the residues of 6?4(,2) /z at poles in the z plane satisfying (a)
PZ =0 and (b) P} =0.

We are finally ready to assemble the remaining rational terms of Abf((ﬁ, 1z, 2;‘, 35, 465),

given by the sum

Ry=RY+o0,. (3.63)
Using egs. (3.56) and (3.62), we get
~ 0 _ _ 101 dgr 0 _ _
Ry = Ag )(¢7 1@ 72;73574Q) X <T - ?) - 2A4(1 )(¢T7 1q 72;—73574Q) ) (364)

which is also recorded in eq. (4.8). Note that the term with the unphysical pole in sg34 in
(c) (b)

the recursive diagram D, ’ cancels against the overlap diagram O, for the same channel.

Such recursive-overlap cancellations are a common feature.

3.4.2 Spurious poles in rational parts

The cut-completion process described in eqgs. (3.34) and (3.35) removes certain types of
spurious singularities, namely those associated with terms like (Inr)/(1 — )" for n > 1,
where r is a ratio of two momentum invariants that differ by one massless external leg. It
ensures that Cp(2), and therefore R, (z), is free of spurious singularities when (z) — 1,
where r(z) is the shifted value of r. In refs. [51, 56-58] it was found that this type of cut
completion was sufficient to remove all spurious poles in the z plane for a large class of
QCD and ¢ amplitudes. (Note that if a spurious denominator factor is unaffected by the
particular shift used, eq. (3.27), then it will not produce a spurious pole in the z plane.)
However, poles of the type r7(z) = 1 certainly do not exhaust the set of potential spurious
poles for a general amplitude. These poles correspond specifically to Gram determinants
associated with two-mass triangle integrals. In a general amplitude, there are also poles
associated with the Gram determinants of a multitude of scalar box and triangle integrals
with varying numbers of external masses. It would be very difficult to construct a cut
completion én that removed all spurious poles.

On the other hand, a completely general alternative method for handling the spurious
poles was sketched in ref. [59], and fully implemented numerically in the BLACKHAT pro-
gram [44]. This method did not use cut completion, but rather the original decomposition
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AY =, + R, and instead relied on the fact that the residues of C),(2)/z and R,(z)/z
cancel at every spurious pole. The contour integral of R, (z)/z at infinity requires the sum
over spurious pole residues of R, (z)/z, but this sum can be evaluated using the shifted cut
part Cp(z), as

— Z Res fin () = Z Res Cn(2) . (3.65)

zZ=zg z Z=zg z

spurious poles (3 spurious poles (3

Here we simply note that a hybrid approach is also feasible: First one removes the
spurious poles that can be easily removed by cut completion, such as egs. (3.34) and (3.35).
This procedure leads to the overlap terms (3.40) in the usual way. Then one considers the
contour integral at infinity of the remaining rational terms ﬁn(z) /z. One evaluates the sum
over residues of ﬁn(z) /z, at the spurious poles 2z, that were not removed by cut completion,
by using the fact that their residues still cancel against those of the completed cut terms,

én(z)/z:

)

C
— g Res n(2) = g Res n(2) , (3.66)
. F=Zy 2 . F=z2y 2
spurious poles spurious poles ~y

where {7} is a subset of {3}.

Note that an(z) in eq. (3.66) includes rational terms as well as cut terms; whereas
Cn(z) in eq. (3.65) is a pure cut function, which nevertheless can have rational-function
spurious-pole residues after Taylor expansion around the pole. In fact, it is only the
rational-function part of the residue of an(z) /z that we require; the terms containing
logarithms, polylogarithms and 72 factors are guaranteed to cancel, because the residue of
the rational function R, (z)/z can have no such terms.

In our calculation of the ¢gggg amplitudes, after removing the r(z) = 1 spurious poles,
we found that certain spurious poles still remained, due to denominator factors in integral
coefficients of the form (i j) or [ij], where ¢ and j are color non-adjacent legs. If i and j
are color-adjacent, then (i j) and [i j] denominator factors represent physical singularities,
corresponding (for real momenta) to the region where k; and k; become collinear, s;; — 0.
However, physical collinear poles for color-ordered primitive amplitudes only occur when
i and j are color-adjacent; in the non-adjacent case, the (ij) and [ij] factors generate
spurious singularities. They are associated with the “easy two mass” box integral in which
the two diagonally opposite massless momenta are k; and kj, whose Gram determinant
contains a factor of s;; = (ij)[ji]. The factors (ij) and [ij] can also be seen in the
denominators of the solutions for the loop momenta in the quadruple cut for the easy-two-
mass box kinematics (see e.g. eq. (2.7) of ref. [44]). The same factors also persist in the
limiting case of a one-mass box.

Factors of (i j) or [ij] do appear in the denominators of coefficients of scalar integrals
in the QCD and ¢ MHV n-gluon amplitudes with non-adjacent negative-helicity gluons la-
beled ¢ and j, whose rational parts were computed using on-shell recursion relations [52, 58].
However, in these cases the [i, j) shift was used, which leaves both (i j) and [i j] unshifted,
and therefore produces no spurious pole in this channel.
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In this work we encountered spurious poles associated with (i j) factors in several ¢pgqgg
amplitudes. Here we illustrate how to use the method described above for the specific
example of the leading-color primitive amplitude AZ(¢, 17, 2;‘, 3%,47). Using the methods
of sections 3.1-3.3, we have calculatedAthe cut-containing parts of A (¢, 1;,2;,3*,4*),
and obtained the completed-cut terms Cy, which can be read off eq. (4.19) by ignoring the
purely rational terms in the last few lines. To compute the rational part of this amplitude
we chose to use a [4, 1) shift. Inspecting 64, we see that several terms contain the spurious
denominator factor (13), which will potentially lead to a spurious pole under the [4,1)

shift. These terms are,

3
] % |:LS—1 (3127 5233 3123) + Ls_4 (834, S41; 8341)] (3.67)
i (12)° 23 (34)* L2 (iﬁ’) i (12) (34) [23)> (14) In <’_S;f;)
3 (13) PER (13) 2,

o~

The spurious pole satisfies 0 = (13) = (13) +2(43), or z = (13) / (34) = 2.
Using eq. (3.66), we need to compute

Res Ca(z) .

Z=2Zsp z

(3.68)

Now the Ls_; functions in eq. (3.68) actually vanish as z — zg,. This is because the
relevant scalar box integral in D = 6 dimensions, which is nonsingular as s;3 — 0, can be

written as L )
_ . s_1(s12, 523; 5123
ZP=0(s12, 503; 5123) = —icr S’ : ; (3.69)
13

and similarly for the other Ls_; function. Because Z)=6 is smooth in this limit, the Ls_;
functions must contain a factor of s;3 = (13)[31] in the limit s;3 — 0. Thus the terms
containing the Ls_; functions in eq. (3.68) do not contribute to the residue.

After expanding the remaining logarithms and rational terms in eq. (3.68) around
z = Zsp, we find that the logarithmic part of the residue cancels, as expected. Keeping the
rational part of the residue, and simplifying, we get

Ciz) i (34)(14)%[23 2
Res, . T TEE3 3 @13 '3

(14)[23] (34)
[12](23) (13)°

(3.70)

This term has to be added to the recursive diagrams, overlap terms and 6’?%4 to complete
the full rational terms of A% (¢, 17,24,3%,47). The full rational terms, as well as the full
amplitude, are now free of spurious singularities as (13) — 0.

The procedure outlined above can be performed in a systematic way for any amplitude,
since the locations of the possible spurious poles under a chosen shift are known a priori,
or they can be inferred simply by inspecting the completed-cut terms, én Whenever, after
absorbing spurious singularities according to eqgs. (3.34) and (3.35), we are left with residual
spurious poles, we can always compute their contribution to the remaining rational terms

by evaluating the corresponding residues of an(z) /z instead.
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4 The one-loop HgqQQ and Hgggg amplitudes

In this section we present our main results for the one-loop HgqQQ@ and Hgqg*gT ampli-
tudes. First we outline how to obtain all primitive ¢-amplitudes, using only a minimum
set of them. Then we give the full analytic expressions for these amplitudes, followed by
numerical results at a specific kinematic point. We then show how to obtain the color- and
helicity-summed cross section for a pseudoscalar Higgs plus two quarks and two gluons,
using our results and those of ref. [21]. As another application, we show how to compute
part of the virtual one-loop color-singlet interference term between the gluon-fusion and
VBF Higgs production mechanisms. Finally, we mention the various consistency checks we
used to verify the correctness of our expressions.

4.1 Preliminaries

We obtain the one-loop corrections to A4(H, 14,2, 3g:4q) and A4(H,14,24,3,4) by com-
puting color-ordered primitive ¢-amplitudes in a helicity basis, following our discussion in
section 2.2. Once we have the complete set of ¢g-amplitudes, the ¢f-amplitudes are obtained
by parity, eq. (2.9).

Consider first A4(¢, 14, 2q,3Q,4Q). Because the quarks are massless, chirality is pre-
served along a quark line. By convention, all external legs are outgoing, so the helicities of
any quark-antiquark pair have to be opposite. Thus we need only consider the four helicity
configurations A4(¢, 1(;)‘,29,35/\,4%), where A\, A = =+ are the helicities of the ¢ and @Q
quarks, respectively.

Suppose the anti-quark g (leg 1) has positive helicity. We can obtain these cases from
the cases where it has negative helicity by using charge conjugation, which reverses both
quark lines (¢ <> ¢ and Q < Q):

Ax(6,17,24,35,44) = A6, 25, 15,45.3) (4.1)
Ad(6,17,2,35,4g) = Au(9,27,15,45,3)) - (4.2)

Now taking the anti-quark ¢ to have negative helicity, we see that there are two independent
helicity configurations that we need to compute,

As(9.17,24.35,4g)  and  Ay(9,15,27,35,40). (4.3)

Here Ay is shorthand for the three types of primitive amplitude in this case (lc, slc, and f).

Recall from eq. (2.9) that parity gives the pT-amplitudes in terms of the ¢-amplitudes,

, (4.4)
(i g)=141]

A 9g—=A A ,—A —A 9X 9—A A
Auloh13,27,35,45Y) = [Aa(o,17%, 22,350 45)]

where the operation (ij) < [ji] conjugates spinors but does not reverse the sign of ab-
sorptive parts of loop integrals.

For the Hgqgg amplitude, there are two cases to consider, depending on whether the
helicities of the two gluons are the same or opposite. In the case that they are the same,
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say both positive, we have, using the decomposition (2.7) and parity,

(4.5)

Ag(H 17,2535, 47) = Ay(6,17,25, 3%, 47) — [A4(¢, 17,2,,37,47)

(i gyl

The amplitude A4(¢, 17,2/ ,3",4") vanishes at tree level. For this reason, the one-loop
amplitude is quite simple [50] and is given below in egs. (4.17), (4.17) and (4.18). However,
the amplitude A4(¢, 13‘, 2, ,37,47) is next-to-maximally-helicity violating (NMHV), and at
one-loop it is considerably more complex. (For example, the coefficients of the three-mass
triangle integrals are nonzero for this amplitude.) We will leave its analytic computation
for future work.

Instead we turn to the case of opposite-helicity gluons, which can be decomposed as

(4.6)

Ag(H, 17,25, 35,47) = Au(9, 17,2735, 4%) — | Au(9, 172,37, 4%)]

(ig)=lii]

In this case the ¢ amplitudes are both MHV, and of a similar complexity as the ¢gqQQ
amplitudes. Again, using charge conjugation we can exchange the roles of anti-quark and
quark, so as to obtain the remaining ¢-amplitude helicity configurations, in which the
anti-quark ¢ has positive helicity,

As(1F,27,3%,4F) = Ay(27, 15,47, 3%). (4.7)

Using the color decompositions in section 2.2, the problem is reduced to computing the

primitive amplitudes AY, A§° and Al for two four-quark helicity configurations, 17 2335425,
and AY, A and Al for two two-quark-two-gluon helicity configurations, and two color

orderings, namely 1725 3%4%F and 17 3%274F.

4.2 Full results

In section 3 we showed in specific examples how to compute various ingredients necessary
to obtain the full Alf(¢, 17, 2;, 35, 463) and Al(o, 17, 2;‘, 3%,47) amplitudes. We used the
same techniques for the quadruple cuts and ordinary two-particle cuts in all channels, and
for all other color components and independent helicity configurations, in order to arrive
at the full results for the ¢-amplitudes.

It is worth noting that the computation of the ¢ggQQ primitive amplitudes in both
helicity configurations was significantly simpler than that of the ¢ggqgg amplitudes. The
expressions were more compact at each stage (due in part to the higher symmetry of these
amplitudes). In addition, we had no remaining spurious poles for the shifts we chose

to perform. Specifically, we used a [4,2) shift for all the A4(¢, 16_72:{’35’452) primitive

amplitudes, and encountered no contributions from z — oo (i.e., Cy(z) as well as Aé(ll)(z)
vanish in this limit). We used a [1,5)) shift for Alf(e, 1;,2;,35,45). Here there was
a contribution from z — oo, from Cj;. We used a symmetry to obtain the slc and f
components of this helicity configuration from the previous one.
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The ¢gqgg amplitudes were more intricate. For A4(¢,1;, 2;;, 3%,47), we used the [4, 1)

shift, and we had to compute residues of spurious poles in the L, R and fermion loop (f) am-
plitudes, although there were no contributions from z — oo. For A4(¢, 1, 2;‘, 37,4™), we
used the [3, 2) shift. There were not only spurious pole residues in the L and R components,
but also a contribution from z — oo (from 64) in the L component. We cross-checked our

results for the L and R components of A4(¢,15,2,,37,4") using the [2,4) shift.

Finally, for the ¢ggqg L amplitudes, we used a [4,1) shift for A% (¢, 17,2%,35,47),
and a [2, 1) shift for Af((ﬁ, 17,27, 3;, 4%). There were neither spurious pole contributions,

nor contributions from z — oo. The full results, after assembly and simplification, are
presented below.

4.2.1  $qqQQ
For the ¢GqQQ (—-++—) configuration we have

—iAf(6,15,24,35,40) = =AY (6,17,28,35,45) x V'
L —S123 L —8234
i J[uEs) n(E=)
—2(12) (34)[23] +
2 519 3:%,4

LO (*5123> LO (*5234>
—2(14) 23] | — S
12 34

+2i AP (61,1727 . 35.45). (4.8)

1 9 € 2 € 13 2 € 9 €
ve=z|(20) () R L)+ (45)]
€ —$923 —841 6e [\ —s12 —834

2me . 2 2me . 2
—Ls™ (8123,8234,823,7711{)—14871 (8341,8412,841,”11{)

with

—Ls_1 (s23, 5345 5234) — Lis_1 (534, 541; S341)

101 6
—Ls_1 (541, 125 s412) — Ls_1 (s12, 523; 8123)4—7—? . (4.9)
_Z.AZIC(QSa 1q_’ 2(—;5 355 4(5) = _ZAZ(,LO) (Qb, 1(;’ 23—’ 35’ 4&) X VSlC

1 Ll <73123) Ll (73234)
F=(12)(34)[23] DA S

2 512 S34

LO <_5123) LO <_5234)
—S812 —S834

—(14)]23 + :

(14)[23] - -~

(4.10)

with

1 2 € 2 € 3 2 € 2 €
o=z |(45) () -2 1) + (£5)]
€ —S812 —834 2¢ [\ —s12 —834

—Ls?0 (s412, S123; S12, m3y) — L™ (s34, S3415 834, mFy) — 7 —6p,  (4.11)
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and

2 € 2 €
fer 1= ot at 4= — A0 (4 1= ot at 4= 2 1(_n H 20
Au(015:20:30:4) = A4 <¢a1qa2q73Qa4Q>{‘§K > +< ”‘? |

—S12 —834
(4.12)
For the ¢GqQQ (—+—+) case, we find
- Ale — o9t 9= 4\ — A0 9= oF a— 4+
—iAf (0,17.25,35,45) = —iAP(6,17,27,35,48)
14) (23))?
X {V1C+ 1- (%) [Lsfl (523,534; 5234) + Ls 1 (841,812;8412)]}
1@ |, (—1?1122) L2 Ly <ii23344) o (220 ) - 1o (222w
2 (24)7 T, T BT BT
L —S412 L —S5234
oy [y | W(=E) ag [ Le(ZE)
2 1 5412 1 5234
LT YT BT R n(=u2) |+ 23 |7 e, 0 (=)
(14) (23) [24] LO(i“if) L0<13822334)
+ +
(24) 541 523
1 1 <34> (824—841) <12>(324—323) . (0) 91— ot o— 4+
_2<24>2[ = 3 12040 (61, 17,28,35,48) . (4.13)

The slc and f primitive amplitudes for the ¢pggQQ (—+—+) are simply related to those for
(—=++—), because two of the external legs can be exchanged at the cost of a minus sign,

AZIC(¢, 1572;’35’45) = _AZIC((b’ 1;,2;745,35), (4.14)
Ay(6,15,28,35,40) = —A4(¢,15.27,45.3) .- (4.15)

These relations were used already in constructing the partial amplitudes (2.14)—-(2.17).
The result for any color or helicity component of Afll)(H 13,2¢,30, 4¢g) can be readily
obtained using eqs. (4.1)—(4.4).

4.2.2  $qqgg

The results for the infrared- and ultraviolet-finite helicity amplitude ¢gqgg (—+++) can
be extracted from ref. [50]. We give them here for completeness:

1(12)(1/(3+4)|2] n 1 (13)[34]

A9 15,237 4T) = 2 (23)(34) (41) ' 2(23)(34) (4.16)
9 (113 +4)|2]° _9 (11(2 + 3)[4]°(2|(1 + 3)|4]
(34) (41) BI(1+4)[2] ~ (12) (23) s123 (3|(1 +2)4]
24]* m} 1(13)[34]{(41)

P sm B DM BT 3 (12 347
o Qe (12)23](31)
—iAf(6,15,27,3%,47) = — PEETERCETsTIE (4.17)
(1 3> [3 4] (4 1)

1
37 (12) (34)°

—iAl(¢,17,2F,37,47) =

a%q> (4.18)
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For ¢gqgg (—++—) we obtain,

_ZA£(¢7 1qj7 2;7 3+7 47) = _ZA4(10) (¢7 157 2;7 3+7 47)

X [V1L — Ls_1 (523, 5345 5234) — Ls_1 (541, S12; 8412)]

3
—i—% |:LS—1 (812, S23; S123) + Ls_1 (s34, S41; 8341)]
3 2 3 27 L 13311223
1(13)2(24)(4(1+2)|3)2  (13)(14)(4|(1+2)|3)2 1 (12)(34)[23)2(14) ]| 11 (—?ff)
2T 0223 39) (12) (34) 2 (13) 2
120 eRPh (CB) 2w+ (352)
2 23) ) 12) (34) .
ey W) Lo(=m)
(23) 512 534

b . 1(0) — <14> —5123

2|20 AP (p,17,2F, 3%, 47) + O] 1n(_512>
§<14>2<4\(1+2)\3]_1 (14)%[23] (34) +2<14>[23]<34>
6 s12(12)(34) 6(23) (13) (4/(1 +3)[2]  3[12](23)(13)

C2(14) (24) (4|1 + )H+ 23] (4](1 + 3)[2]4I(2 + 3)[1]

3 512(23)(34) 3 s123 [12]%(23)

L (40(2 4+ 3) 1 ((41112] + 2 (4[3]20) (2 (4]1]2] + (4[3(2))* | 1[23] (2|1 +4)|3]
6 s123 [12]% (23) (34) (4](1 + 3)[2] 2 [14](23)[34]
1{4](1+3)12)(4](1 +2)[3] 1413 .. (0 , _

2 5123 (23) [12] 2 519(23) +2ZA40 (¢T’1@’2;v3+74 ) (4.19)
with

1 ¢ 119 0§
L_ L H H 29 %R
=g [(-523> (-534> <—841>] <—812> NI

2me
—Ls™° (5123, S2345 S23, M) — L™ (s341, s4123 841, M)

—Ls?}¢ (sa12, 5123; 512, mH) ; (4.20)
—iAf(p,15,2F,37,47) = —idl(¢,1-,2F,3%,47) x VI
+ﬂ {LS—1 (s12, 5235 S123) + Ls_1 (s34, Sa1; 8341)}
(23) (13) T P IED

C1apaPee?l (55) 1pedgesoprh (52

1
2 (23)(13) 52, 2 (12)(23) (34) 534
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La26n00pal () eyt (Z5)

( > (1 512 (23) $34

)
3)
1n<—8123> ——A(O gb,l 2+ 3T 4 )ln(—sz34>
4
3

( 4> [23] (3 2/ +
il 1 |

4)[3] (4l +3)|2](4](1 +2)[3]

), 23]
(23) (13) " [34] [14] 2B+ 4)[1 s123 (23) [12]

3]

2] 4]
(14)* (24)% (s21 + 523 + 521) s34 23] (24)°
(12)(23) (34)% (2|(1 4+ 4)[3] 534 (23) (34) (2](1 +4)[3](2|(3 +4)[1] |’

(4.21)

1 2 \¢ 3 2N\ 7 ¢
R 1 7 R 2m
[ _e_2< > 2 < ) 3~ g W (s ssaisa i) (422)

and

—iAl(¢,17,25,3%,47) = —iAP (4,15, 2F,37,47) x 2 (1o (4.23)
ATt ’ 3e \ —512 9 ’

(13) (12) (34) 53
1| (14) (14)% (24) — 1(14)?[23]
T3 @33 (12)(23) (34) n(*sw)_i s12 (13)
1(14) ((41112)(41(1 +3)[2) — (4[3]2*) | 1 (14)%s13
6

[12](34) (13) 5123 6512 (12) (34) (13)

o [<12>2 237 (3497 (401 + 2))3P <13>2] L (=22)
3

For the ¢gqqgg (—+—+) case,

—iA} (¢,17,25,37,47) = —iAl" (9, 17,24,37,4%)

X [‘/1 - E?) In (%ﬂf) — Ls_1 (s34, 5413 S341) — Ls—1 (12, 523; 8123)]
(14)°(23)° . ‘ .

+< 2) (3 ><24>3 [Lb—l (523, 5345 5234) + Ls_1 (541,812,8412)]
L2022 a7 paPla (F22) 109 03) oy a2 b (552)

3 (14) 2 (24)
C[ran e 10800 EaruE 20809 3424 ] L (=)

2 (24) 3 (12) (34) 3 (14) 5%
a2 pyEaraR? | 10 es?eeg] b(E)

i (14) [12] 2 (24) | sh
_[RYBY @RI | 104 @3)° 4] I (=)

(14)[34] 2 (24) | s34

,35,



L[5 a37 @021, (03 @Ot 1013724 BlL+2)P Lo (=22)
(12) (34) (12) 3414 3 (14) [14](24)
(23) (13 [24] | Lo ( fﬁfﬁ) Lo (i—)
- (24) { 523 * s41

L (23)241(12) 34) +2(14) (23)) Lo < iﬁ‘)
(24)* 534

1 (23)(13)* (2

(14) +§<12>(24><34> i (2

2

)
§4] . <73234) N (34)%(12)

—S23

1
C1{13)°@3I(L+2)[4]  1(13)[24] (2(3[412] + (3]1[2))
1 3 S12 <1 2> <3 4> 3 S412 <1 4> [1 2]
{[ (BI(L+ 2132+ ] (13)°[14)  (13)[24](34) L 12 24] ]
sa12 [L4][12] (24) s (24)  (14)[12](24) ' [23][34] (24)
13) 24) (12 +3)14]  (13)[24] B|(1 +4)12]  [24]* (34) (23)
823 < > [3 4] S41 <1 4> [1 2] S41 <2 4> [1 2]

+2i A (o115, 25,374, (4.24)

—iAR(p, 17,2537 4%y = —iAD (g, 17,25 37,47) x VR

q1°q> q°q>

L1239

[LSA (523, 5343 S234) + Lis_1 (41, S12; S412) }

100?20l (5)  paes pe el (33)
27 (14) (24) 2 (14) [34] 533
(12) (34) [24]* 1 (23)% (1/(3 + 4)[2] Ll(_—?ﬁf)
23] 2 (12)(34) (24) 52,4

2 (24) s2, s 14) (24)? 512

10403247 [Ll (=) L ()] 2y payle (252)
<

5412

(23) [24] (2(12) (34) + (14) (23)) Lo <1541) (12)°(34) [24] | (o,
+ 2 - 2 In ( —s >
(24) 541 (24)°(14) [34] »
(34)(12)[24] 1 (23)(13)° sp ) _ 1 [24] GBI+ 2)[4]3[(1 +4)|2]
* ) In (=) - 2

01723 20224 34| "\ a2

CIRAP B4 E3) 1013 @322 | 1(23)[24] (1B +4)[2(sas + 530
2 su (24)[12] 2 s34 (34) (12) (24) 2 s345234 23] (24)

4P Q)2+ 3] (122434 Q[+ 34 (13)[24)

T eI BY | sm0pBAeD I (4.25)

— 3(3‘4



and

AL (6. 17 ) 2 (2 \° 10
_ZA4(¢’1‘1’2;_’3 4+) - _ZA4 (¢’1q’2;?3 4+) [__< ) _5

3e —S12

a2 @la + 2P | 022 pa? ] L (232)
3 (12) (34) * (14) 535

i . ) L 1(13)7124]
—5A0 (0,172 374 n (22) + 5 0D

L1{13) (BL2BI +4)12) - (3J42]*) 1 (1 3) 5412 (4.26)
6 [12] (34) (14) s412 6512 (12) (34) (14) " ’
4.2.3  $qg9q9
For ¢ggqg, we have the “reflection” relation Af(14,3,2,,4) = A¥(17,4,2,,3), so we do not
need to quote A separately.
Again we take the results for the infrared- and ultraviolet-finite helicity amplitude

#7999 (—+++) from ref. [50]:

(13) (1](3 +4)[2] (13)*[34]
(23) (34) (41) ~ (12)(23)(34)
(1](2 +3)14>
—2 (12)(23) s123 (4.27)
Al(g,17,2%,3F,4%) = 0. (4.28)

) q )

1
_ZA£(¢71_ 2+73¢—;74+) 5

The results for ¢ggqg (—++—) are given by

—iAf(p,17,2%,3F,47) = —iAV(¢,17,2%,3F,47)

X {VQL — Ls_1 (841, 5125 S412) — Ls_1 (523, S34; S234) }

1(13)2 (41 + 232 <??12§> 1(12) (34)% 232 I (1853344>

2 (12)(23) 52, 2 (23) 2,
(14 [23](34) | Lo (=) L (=)
(23) 512 534
LA - s _ L ssan[23][13] 1 (4](1 +3)[2]
—3A1 (%17 275,37,47)In ( —s12 > 23414 2]+ 4)1]  2s123[12](23)
C(14)[23](34) | 1(14)° (s13+s03)  1[23](34) (2/(1+4)]3] (4.20)
512 (23) 2 s12(12)(23) 2(23)[34] (2|(3 +4)|1]’ '
with
_1 p? \T 13/ p? \°© 119 g
() () e ()
Ls?0 (s412, S1235 S12,m3y) — L1 (s123, S2345 S23, M%) (4.30)
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and

&wﬂﬁ3+4)=APwJw3+4ﬂw3<“2>ilq. (4.31)

) q ) ) q ) 36 —8123
The results for ¢ggqg (——++) are

—iAk(9,17,27,3F,4%) = —iA(¢,15,27,37,47)

r¥q 0 »Eq

X {V},L — Ls_1 (534, S4155341) — Ls_1 (s12, 5235 $123) }

1(2 4>2 < I(2 + 3)|4]2 L <13822334) L 1e3B4Pay Ly (=)

2 523 2 (34) 52,
< _3822334 LO <: 3834411 ) Z (0) .
+2 o -5 A 007,284 ()
1(2|(1 + 3)[4]2 1 s123 [13][34] 1(12)%(24) (514 + 594 + 534)
28301 [14](34) T 2(12][23] (4|2 +3)[1] 2 (14) (23) (34) (4[(1 +2)[3]
1 s1ps (24)° [34] A0 - + o+
—= +2i A 1-,27,37 .4 4.32
50 GO Al + BT T 9 o (9123 ) (432
with
yio L N3 (N T o
- 2 —834 —S41 2¢ —S8341 2 2
m 2 2me . 2
(5412, $123; S12, mFy) — L2 (s123, S234; S23, M) (4.33)
and
Al(g,17,27,3F,4%) = 0. (4.34)

Using eqs. (2.9) and (4.7), one can obtain any color or helicity component of the
-/44(11) (H, 14,24, 3%,4F) amplitudes.

4.3 Numerical results

In order to facilitate comparisons with future work, we present here numerical values, at
a single phase-space point, for the bare, unrenormalized primitive amplitudes computed
in the paper. We choose the same kinematic point as in ref. [21], the configuration H —
71¢2Q3Q4 in which the Higgs (or ¢) and parton four-momenta take the values

k‘¢ = (—1.0000000000, 0.00000000000, 0.00000000000, 0.00000000000),
= (0.30674037867, —0.17738694693, —0.01664472021, —0.24969277974),
= (0.34445032281, 0.14635282800, —0.10707762397, 0.29285022975),  (4.35)
k:g = (0.22091667641, 0.08911915938, 0.19733901856, 0.04380941793),
k4 = (0.12789262211, —0.05808504045, —0.07361667438, —0.08696686795).
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$3qQQ e’ e! ¢

(—++-) lc | +0.10641628412 | +0.25970964611 +1.94930173285
—0.04813723405¢ | 4+0.285244929607 | +0.66145729341+¢

(—++—) sle | +0.10641628412 | 40.47949272770 +0.82337543420
—0.048137234057 | 40.18582640802% | +0.78352094637 ¢

(—++-) f 0 +0.07094418941 +0.33148585003
—0.03209148937¢ | +0.11853569045 ¢

(—+—+) lc | —1.88930338066 | —1.08479447284 +8.36061276059
—0.26775736353¢ | —6.20837676158% | —4.87467657230¢

(—+—+) sle | —1.88930338066 | —4.98679990840 —4.95070751222
—0.26775736353% | —6.76137989415¢ | —19.34119382028 ¢

(—+—+) f 0 —1.25953558711 —3.53445587012
—0.178504909027 | —4.53733741427+¢

Table 1. Numerical values of ¢ggQQ primitive amplitudes at kinematic point (4.35).

94999 e’ e! e

(—+—) L | —0.06141673303 | +0.37791957375 | —0.34558862143
—0.162479148847 | —0.543540425687 | —12.10809400189 4

(—+-) R| —0.02047224434 | +0.12098146140 | -+0.89774344141
—0.054159716284 | —0.194385859247 | +5.07992303199

(—+—) f 0 —0.01364816290 | +0.08454550896
—0.036106477524 | —0.116884731157

(—F—+) L | —4.75526037444 | —43.39451047571 | —67.30255141380
+10.54678423393 | +7.818508456907 | —40.68074759818 i

(——+) R| —1.58508079148 | —14.85133091493 | —33.50442466808
+3.515504744651 | +3.463373948807 | +5.37244309382 i

(——+) f 0 —1.05672652765 | —9.74999749954
2343729829764 | +1.83728897650

Table 2. Numerical values of ¢gggg primitive amplitudes at kinematic point (4.35).

We substitute p = my = 1, and use the 't Hooft-Veltman scheme [87], in which dp =1
(in accord with ref. [21]).
regularization schemes can be found in refs. [21, 86, 89]. The dependence on g in our
formulae agrees with the shift in HggQQ@ and Hgqgg amplitudes between HV and FDH
regularization schemes that is quoted in ref. [21].

Discussions of the conversion between different dimensional

In tables 1, 2 and 3 we present numerical values for the unrenormalized primitive
amplitudes computed in the paper. Note that the overall phases are convention-dependent.
Phase-independent quantities can be constructed by dividing by the corresponding tree
amplitude. The tree amplitude is identified as —1/2 of the e~2 slc entry in table 1, the
negative of the 72 R entry in table 2, and —1/2 of the 2 L entry in table 3.

In table 4 we give the numerical value of the virtual correction to the color- and
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$q999 e’ e! ¢
(—+-) L | —0.07267563934 | +0.04895177312 —1.94503280260
—0.06793690983i | —0.38207096287i | —4.71626523954
(—4—) f 0 —0.02422521311 10.02361126144
—0.022645636617 | —0.12053858081
(——++) L | +23.05418438416 | +92.96105880288 | +154.70151920223
10.471353487357 | +74.35776380434 7 | +298.96823152311 i

(—++) f 0 0 0

Table 3. Numerical values of ¢ggqg primitive amplitudes at kinematic point (4.35).

HgqQQ cross section e 2 el e’
1 —12.9162958212 | —13.1670303819 | 47.5186460764
1/N? 12.9162958212 75.7028593906 | 172.3194296444
ng/Ne 0 —8.6108638808 | —27.9973052106

Table 4. Numerical value of the one-loop correction to the HggQQ cross section at kinematic
point (4.35), omitting an overall factor of 2C%crg(N2 — 1) N, from eq. (2.18).

helicity-summed cross section for the HggQQ process, according to eq. (2.18) but omitting
an overall factor of 2C%crg®(N2 — 1)N,.. The result is constructed from the one-loop
amplitudes given in this paper and the tree amplitudes (A.4). The dependence on the
number of colors N, and massless quark flavors ny is shown explicitly. If one substitutes
N. =3 and ny = 5, adds the contributions, and multiplies by 1/4 x (N2 — 1)N,, then the
result agrees with that for process A in table I of ref. [21]. (The factor of 1/4 arises because
a factor of A% = (2C)? is extracted instead of C? in ref. [21].)

To convert the bare, unrenormalized amplitudes presented here to renormalized ones
in an MS-type subtraction scheme, one should subtract the quantity

11 2
482 [—Nc - }Af) (4.36)

2 | 3 3"
from the corresponding one-loop amplitude Afll) in eq. (2.11) or (2.20). After this subtrac-

tion, the rational parts of the 1/e poles are purely infrared, and take the form of a sum
over contributions from each external parton,

2 (0)

9|3 L] A o

(amy ! [_1 (NC - E)} € for GqQQ,  (4.37)
? 3 1\ 1/11. 2 \149

(427)2 ’ [_1 (NC B E) T2 (ENC - §”f>] ——  for dgagy, (4.38)

in accordance with the general form of infrared singularities of one-loop amplitudes [90].
A final contribution that needs to be included is the one-loop correction to the Hgg

effective operator of eq. (2.1), which shifts its coefficient from C' to C' x [1+4 11,/ (47)] [63].

At the level of the NLO virtual cross section, this effect can be taken into account by an
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addition to egs. (2.11) and (2.20) of the form
2
9 0
11 (477)2“45‘)' (4.39)

4.4 Pseudoscalar Higgs amplitudes and cross section for Agqgg

As a byproduct of our calculation of the ¢-amplitudes, we can obtain the respective am-
plitudes where the scalar Higgs boson H has been replaced by a pseudoscalar Higgs boson,
A. Pseudoscalar Higgs bosons are present in many extensions of the SM, such as the
MSSM. Here we assume that we are in a kinematic regime where the production of the
A boson plus jets can also be treated in the large m; limit. As mentioned earlier, the
overall constant C' is different for the A case [50]. Otherwise, the only difference between
the two computations is that instead of taking the sum of the ¢- and ¢- components, the
pseudoscalar amplitudes are given by their difference divided by i, according to eq. (2.8).

Furthermore, we can combine our results with those of Ellis, Giele and Zanderighi
(EGZ) [21], to obtain the color- and helicity-summed cross section for AGggg. EGZ used a
semi-numerical method to compute the color- and helicity-summed cross section for Hgqgg,
which we may write schematically as,

orcn = D AR VAR () + AP )AG" ()] = 2Re {Z A" AR )] } . (4.40)
A A
Here by A (\) we denote a Hgggg amplitude in a helicity configuration A, and the sum
is over all possible helicity configurations. In every summation in this subsection there
is also an implicit sum over colors which is given by eq. (2.23), but for simplicity we do
not write it out here. The helicity sum includes the two independent MHV configurations
(=++—) and (—+—+) analyzed in this paper, and their conjugate ones (obtained by
parity). Moreover, they include configurations (—+——), (—+++) and their conjugates.
These last configurations require NMHV ¢ amplitudes, which we did not compute here,
and which would be needed to provide a full analytic description of the one-loop Hqqgg
and Agqgg helicity amplitudes. However, we will see that because the contribution of the
latter configurations to the Hgqgg cross section is encoded in oggyz, it is possible to use
this result instead for the purpose of computing the Agggg cross section.
Note that we can rewrite eq. (4.40) as

opGz = 4Re {Z AR AR )] } , (4.41)

)\/

with X now labelling each of the four helicity configurations with fixed helicities for the
antiquark-quark pair, ¢ ¢*, namely (—+++). Also, from eq. (4.41) we see that opagz
contains the NMHV H gqgg amplitudes in the quantity

MY = 4Re { AR () AR () + AR 04T ()} € ovaz, (4.42)

with A_ = (—+——) and A} = (—+++). We can extract ohya1"Y from eq. (4.41), know-
ing the Hgggg MHV amplitudes inferred from our formulae (4.17)—(4.34). Hence we will
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consider O'gé/[ZHV known from now on, and we will use it in order to compute the color-

and helicity-summed cross section for Agqgg, 0. Similarly to eqs. (4.40) and (4.41), o4
is given by

o4 =2Re {Z [Ai?’*(A)AﬁP(A)} } = 4Re {Z [AQ*(A’)AS’(X)} } , (4.43)

A N

with A4 () denoting the pseudoscalar Agggg amplitudes.

Because 0 4 is expressed as a sum over X', we focus on the four configurations (—++-—),
(—+—+) and (—+——), (—+++). We can straightforwardly compute the terms coming
from the first two (MHV) configurations using our results from section 4.2 and eq. (2.8),
as mentioned in the beginning of this section. For the last two (NMHV) configurations, we

need to compute the quantity
0)* 1 0)x* 1
A = are fAD* () AP () + AP 0AP 0} (4.44)

Let’s look at each amplitude in this expression separately. The tree amplitudes are simple,
because Af) = (Aé)o) — A;OT))/Z', and Ag?()\_) = A;O)(AJ’_) = 0. Therefore, from eqgs. (2.7)
and (2.8), we have

1 1

AP = gAff)(A_) = EAES)(A_), (4.45)
1 1
APy = —;Ag?(hr) = —;Aﬁ?(m. (4.46)

We choose to express the one-loop amplitudes AS)()\_) and AS)()HL) using egs. (2.7)

and (2.8) in the following way

ADO) = [4D00) — aQ00)] = < [AP ) — 248 00)], (4.47)
ADO) = = [AD0G) - AD O] = 3 [FAP 00 +24000)] (4.48)

Substituting eqgs. (4.45)—(4.48) into (4.44) we find that

1

Y _ 4Re{ (34500)) 3[40 - 24000

1 1
+ <—;A§3)(A+)> - [—AS)(M) +2A$)(A+)} }
= 4Re {4 (A )A[ () + 4R (AR ()}
—8Re {49 (0 )40 00 ) + AR 0)AP () |

= oNMIV _ gRe {Ag?)*(A,)Af;)(A,) + A;2>*(A+)A;1>(A+)} . (4.49)

We notice that the first term in eq. (4.49) is given by eq. (4.42), and the second term
contains only tree and finite one-loop helicity amplitudes with ¢ and ¢. The required
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NMHYV tree amplitudes (see e.g. refs. [18, 64, 67]) are given in egs. (A.6), (A.7), (A.9)
and (A.10). The finite one-loop amplitudes are given in eqs. (4.17)—(4.18) and (4.27)—(4.28).
Therefore, we know all the ingredients necessary to obtain the full color- and helicity-
summed cross section for Agqgg, albeit only semi-numerically. Our results of section 4.2
can be used to convert oray into 4.

4.5 Interference with VBF production

Our amplitudes for HGgQQ can be used to calculate analytically part of the interference
between the ¢QQ — Hq(Q gluon fusion process and the tree-level vector boson fusion pro-
cesses. Both these processes have the same initial and final states. However, at tree level
one has a color-octet exchange and the other a color-singlet exchange. So there is no
interference at tree level. (For identical quarks, the exchange term does produce an inter-
ference, but it is extremely small [60].) At one loop, however, the color-singlet part of the
one-loop correction to the gluon-fusion HggQQ amplitude can interfere with the tree-level
VBF amplitude, and we will provide an analytic formula for this contribution. This is
only part of the virtual correction; the other part comes from the interference between the
tree-level gluon fusion and one-loop VBF HGgQQ amplitudes. In addition, there is a real
correction. The sum of all three terms has been computed numerically in refs. [24, 25] and
it is quite small.

We obtain the color-singlet part of HggQQ@ from the corresponding ¢-amplitude,
Ays(0,14,2¢,30,4¢), using eq. (2.7). From the color decomposition (2.11), contracted
with 51‘;1’ we see that the color-singlet part is given by

A4;S(¢a 1@5 2qa 3@54Q) = A4;1(¢’ 1(]5 2qa 3Q,4Q) + A4;2(¢, 16’ 2q’3Qa4Q) (450)
Using eqs. (2.14)—(2.17) we get
_ . NZ-1 _ _ _ _
A4;s(¢7 1(j 72;7357462) - 3\[72 |:Allc(¢7 1q 72;7 3574Q) + AELC((% 1q ’2:;’465’ 35):| ) (451)
c
A 17,24,32,45) = N -1 Al (p,17,275,35,45) + Al (¢, 17,27, 41,35 4.52
4;S(¢,qaana Q)_ NCQ 4(¢aq,ana Q)"’ 4(¢aq,ana Q)’ ( )

in terms of the leading-color primitive amplitude AY(¢,17,2,, 3g,4q). The relevant tree-
level HgqQQ VBF amplitudes involve only ZZ fusion, not WW or W Z; they are given by

2 14) [23)

A0 (H 1 gt gt 4y 9 ( 4.53
sver(H, 17,27, Q’ Q) =2 v (s12—m%) (s —m%)’ (459
(0) =2+ 3= 4ty = AL 7 Q

Ay vpr(H, 15 ’2;73@45) = Ayypr(H, 15 72;’45’%)’ (4.54)

with v the vacuum expectation value of the Higgs field. Finally, the color-singlet virtual

interference between the two processes is

202N2 Re | 4,0 (H, 15, 24,39, 4) Aus (H, 15,24, 3¢, 40) | (4.55)
Equation (4.55) is to be understood with an implicit summation over all allowed polar-
ization states of the external quarks. We implemented eq. (4.55) numerically at a few

phase-space points and obtained agreement [61] with this part of the full interference com-
puted in ref. [24]. We did not perform such a comparison against [25].
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4.6 Consistency checks

It is important to verify that the methods and the results presented in this paper yield
the correct answers for the HgqQQ and Hgqgg amplitudes. We have used three types of
independent and non-trivial checks on our expressions. They are based on collinear limits
that the amplitudes should satisfy, symmetries under which they should remain invariant,
and numerical comparisons with previously computed expressions. For Hgqgg only the
first two types of checks were possible, whereas for HggQQ all of them were performed,
providing an even more solid check. We have found that our amplitudes agree with all the
checks, and we outline the process further in the remainder of this section.

4.6.1 Collinear behavior

A powerful handle on the correctness of the amplitudes is their collinear behavior. When
two neighboring external legs become collinear, an n-point amplitude has to correctly fac-
torize onto an (n — 1)-point amplitude, multiplied by the corresponding splitting amplitude
for the two collinear legs. In the case of one-loop amplitudes, the factorization is onto a
sum of possible factorizations with the loop belonging either to the splitting amplitude, or
to the remaining (n — 1)-point amplitude [73]. There is also a sum over the helicity h of the
intermediate state P carrying momentum k123 ~ 0. For the ¢GgQQ amplitudes, in the limit
that momenta k; and ko become collinear the factorization is onto a ¢Q@Qg amplitude,

1|2 .
AP (6,15,24,30,49) 2 3" [Ag1><¢, 30,40, P") x Split®) (15,2, 2)
h=+

+ AL (¢,30,4q, P") x Split'") (15,245 2) |, (4.56)

with kp = ki + ko, k1 = zkp, and ko ~ (1 — z)kp. The splitting amplitudes depend
on the longitudinal momentum fraction z, which is the momentum fraction carried by
leg 1, a real variable with 0 < z < 1. (It is unrelated to the complex variable z used
for the shifts performed in the previous sections.) Replacing ¢ with H in eq. (4.56), we
get the collinear behavior of the Higgs amplitudes, while the 3 || 4 collinear limit can
be obtained by exchanging ¢ and . The 1 || 2 and 3 || 4 limits are the only collinear
limits of Ag})((b, 13,24, 30,4¢q) that exhibit universal singular behavior; there is no splitting
amplitude for quarks of different flavor.

The extension of eq. (4.56) to the ¢gqgg amplitudes is straightforward. In this case,
however, there are additional factorization channels, including channels where a gluon
becomes collinear with an adjacent quark or gluon. For example, for the 2 || 3 and 3 || 4
collinear limits we have

AW (6,15,24,3,4) 22 3 [Ag”(qﬁ, 1g, PP 4) x Split"%) (24, 3; 2)
h=+

+ AP (6,14, P, 4) x Split!) (24,3:2) [, (4.57)
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3||4

AN (6,17,24,3.4) =5 [Ag%, 15,24, P") x Split') (3, 4; 2)

h=%+

+Ai(’,0) (¢7 1@7 2(17 Ph) X Sphtg)l(& 4; Z) ’ (458)

and similarly for the Hggqg amplitudes. Egs. (4.56)—(4.58) apply separately to the primi-
tive amplitude components lc, sle, L, R and f, after extracting the respective pieces of the
one-loop three-parton amplitudes [50] and splitting amplitudes [73].

We have checked that our expressions factorize correctly according to egs. (4.56)—(4.58)

and their analogues, for all possible non-trivial (singular) collinear limits.

4.6.2 Symmetries

The one-loop amplitudes we computed in this paper are MHV four-point amplitudes, with
an equal number of positive- and negative-helicity external legs. As a consequence, they
have to satisfy certain non-trivial symmetries, that become manifest only after assembling
together all the pieces into a full answer.

The symmetries of the four-quark HgqQQ primitive amplitudes can be summarized in

the following form:

e reflection or quark-exchange symmetry

AV (H 728,85, 40) = AP (H,47.37,25,10), (4.59)
(1) - (1) -
Aj (H,1q,2;,3 45) = A; (H,3q,4;,1 '25); (4.60)

e parity conjugation symmetry

W) (g 1= —y = AW (9= -

Ay (H17,24,35,4g) = Ay (H,27,17,45,35) il (4.61)
W) (g 1= ) (f7 9~

Ay (H,15,27,35,44) = A, (15(,2q,1;,4Q,3Q)< e (4.62)

The reflection symmetry properties (4.59)—(4.60) are satisfied by the component ¢ and ¢!
amplitudes as well, whereas the conjugation symmetry (4.61)—(4.62) only holds for the H
amplitudes.

For the two-quark-two-gluon Hgqgg and Hggqg primitive MHV amplitudes, although
there is no reflection symmetry, the following parity conjugation symmetries hold:

e Hgqgg conjugation symmetry

AV H 25, 37,47) = AP (H, 22,15 ,4%,37) P (4.63)

AV 2 37 4%) = — AP (H, 27,17 ,47,37) i (4.64)
e Hggqg conjugation symmetry

AV (H N, 27,35,47) = AP (H,32,47,18,20) P (4.65)

AV (H 27,35 ,4%) = A (H,32,47, 18, 21) P (4.66)
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The fact that the symmetries (4.59)—(4.66) have to be respected provides a non-trivial
check on the amplitudes. Since our computation is done by obtaining separate, in general
non-symmetric, pieces of the amplitude (e.g., the coefficient of a single log in a particular
channel), it is only after putting them all together that the symmetry becomes manifest.
Therefore, it is the combination of many non-symmetric ingredients that gives rise to a
symmetric final answer. An error that spoils the symmetry can be detected by this check.
We have checked that our amplitudes obey all the required symmetries.

4.6.3 Numerical comparison

Ref. [21] computed the virtual cross section for the H — ¢gQQ process to next-to-leading
order accuracy (one-loop diagrams, not counting the top quark loop vertex) using a semi-
numerical approach. They also obtained analytic expressions for the aforementioned cross
section summed over colors and helicities.

Using our color- and helicity-decomposed ¢-amplitudes presented in our paper, we have
constructed the same quantity and have compared with their analytical results numerically.
The result at the phase-space point (4.35) was given in table 4, but we have also found
agreement with their analytical formulae for all the randomly-generated phase-space points
that we examined.

5 Conclusions

In this paper we have presented analytic results for the one-loop amplitudes for a Higgs plus
four quarks, and for a Higgs plus two quarks and two opposite-helicity gluons. We have
obtained the cut-containing and rational pieces of the answer separately, using unitarity
for the former and on-shell recursion for the latter. We have also shown in specific exam-
ples how to compute the various ingredients, and presented a way to deal with spurious
poles without fully eliminating them from the completed-cut terms. Our expressions are
relatively compact and in agreement with various consistency checks as well as previous
results. We believe that they will provide a useful input for faster numerical programs
computing NLO cross sections relevant for the LHC, and will be an important ingredient
for future higher-point calculations. Together with the NMHV Hgqgg case, and the re-
maining helicity amplitudes for Hgggg (beyond those already been computed [49, 51, 52])
they provide the one-loop corrections to Higgs plus four partons, and can be used to com-
pute the gluon fusion contribution to the H + 2 jets final state at the LHC, as well as its
interference with the vector boson fusion channel. Further NLO studies will be important
for understanding SM backgrounds, and enhancing the potential for the discovery of new
physics in the upcoming experiments at the LHC.
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A Tree amplitudes

In this appendix, we record various tree amplitudes entering the main computations
and results.

As mentioned in section 3.4.1, the ¢gq and ¢fgq amplitudes for massless quarks vanish
by fermion chirality conservation and angular momentum conservation. The ¢gg and ¢'gg
tree amplitudes are given by

AP (¢,1%,27)
AP (6,17,27)
AP (g1,17,27)
AP (gt 17 21)

AP (¢, 1% 2F) =0,

—i(12)%, (A1)
AP (f,1%,2%) = 0,

—i[12]°.

The ¢gqg and ¢fggg amplitudes are

AP (¢, 17,2F,37) =0,

q’7q>

AV, 17,2F,37) = —i

q’>=q>

(A.2)

O (gl 15,25,37) = 0,

0 — .
Ag)(¢T71q72;73+) o

while the ¢ggg amplitudes are

AP (g, 17,2+ 37y = AP (4,17,27,3%) =0,
3

O 1= o oty _ »_ (12)

AS (¢71 72 73 )_Z<23><31>7

0123 — i
A3 (¢71 72 ,3 )— 2[12][23][31]’ (A3)
AP (¢t 17,27,37) = AP(g,17,27,37) =0,

o 2P

"R3B

A§O)(¢T’1+72+’3+) _ (m%{)Q

~ A2 23) 31

The ¢GqQQ and ¢'GgQQ tree amplitudes are given by

AgO)(¢T7 1+7 2+7 3_) = -

(14)*
(12) (34)

Agf))(¢,1;,2;,3 4h) = — AP (0,15,2F 45, 35) (A.4)

A (017,27,85,45) = —i

— 47 —



2 2
Aflo)((ij 1= 9F 35745) — 23]

) q b q ) [1 2] [34] )
Ayt 17 97 32 4ty = — AW (o 17 2F 4F 3>
4(¢7q7q7Q7 Q) 4(¢7q7q7Q7 Q)

For the case of ¢gggg and ¢!gggg we have

A (¢, 17, 25,37,47) = 0,

_ _ . (14
AA(IO)(¢7 1q 72;73+74 ) =t 1<

A(p15,2F,37,4%) =

(12) (34) (41)
AP (¢t 12 28 37 47) =0,

2
AD(o1,1;,2F,3%,47) = _Z%’
24]°

AP (¢ 17, 28,37, 47) =i

[12][23][34]°
and for the NMHYV cases,

©) (4 1— —C [ +RPEnrr 1
A7 (015,25,37,47) = [24] 5412 [812 - 841]
(4](1 4 3)|2]* (13) ; (113 +4)[2)°
[2 3] $12 8123 <1 2> [2 4] [2 3] [3 4] ’
12+ 3)|47 23] 1 1
- (13) s123 [5 - 8_23]
4, @ +413° 24 . (1B +4)2°

AV (@F 17,28, 3%,4%) =

(14) siosma  [12](13) (14) (34)

The amplitudes for ¢ggqg and ¢'Ggqg are,

AP (617, 24,3],47) = ‘%
AP (917.27,3],47) = ‘i%’
A0 = 2
Aot 1-,27,3F,4%) = i[l[gﬁ];g] ’

and for the NMHYV cases,
2 2
AD 15 - 514y = B0 IO+ 93
[12][23] s123 [34] [41] s341

(0) - e3P B +49)2)°
AV (1152037, 47) =i (12)(23) s125  (34) (41) sza1

7q7 7q7
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Our ¢gqgg and ¢Ggqg tree amplitudes, after dividing by 4, agree with the ones (implicit)
in refs. [18, 19, 67]. For the ¢'Gqgg and ¢'Ggqg tree amplitudes, after dividing by i, our
amplitudes agree with the ones in refs. [18, 19], but have the opposite sign from those in
ref. [67]. (The relative sign between ¢ and ¢! amplitudes matters in reconstructing the H
amplitudes.) Our ¢gqg...g and ¢'Gqg. .. g tree amplitudes are uniformly opposite in sign
to ref. [64].

B L; and Ls_; functions and scalar integrals

The definitions for the Lo, L1, Lo and Ls_;, Ls*%¢ functions used in the formuls presented
above are

Inr Inr+1-—r7r
Lo(r) = ;o La(r) = T

t _
s i) = s (1-77) 1 (15

=)
2 2 2
Ls?%¢ (s,t;m7,m3) = —Lis <1 - ﬁ) — Lip <1 - %) — Liy (1 -5
S S

m2 m2m?2 1 —S
—Lip (1— =2 ) +4Lip(1-—L23) —-m?((—= B.3
12< r >+ 12( p” > s\ ) (B.3)

Lig(z) = — /Ox - =z) (B.4)

with

z

The one-mass and easy two-mass box integrals are related to the Ls_; functions by,
—2ier [ L[\ (1 w2\
™ (s, t;m?) = == =) - — Ls_1(s,t;m?) ¢ ,(B.5
4 (S, m ) o { 2 |:<—S> + (—t —m2 S 1(37 L ) 7( )
—2icp LI\, (1€ o\ o\
IZme ,t' 2 2y _ - = _ —
i (s, tsmy, ms) st—mim3 | €|\ —s + —t —m? —m3

Lt ) . (B.6)
The one-mass and two-mass triangle integrals are related to each other,
—icr 1 ,u2 ¢
Ilm — L B.7
e = (L) (®.7)

o) = ot () - (45)] ()

and contain terms of the form In(—s;)/¢; hence their coefficients are dictated by the known
infrared poles of the amplitude.
The bubble integral is given by,

To(s) = ﬁ <f—28> (B.9)

and contains a single logarithm, In(—s), at order €.
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